Lecture Notes in 
Mathematics 



1756 



Peter E. Zhidkov 



Korteweg-de Vries and 
Nonlinear Schrodinger 
Equations: 

Qualitative Theory 




® Springer 




1756 



Lecture Notes in Mathematics 

Editors; 

J.-M. Morel, Cachan 
F. Takens, Groningen 
B. Teissier, Paris 



Springer 

Berlin 

Heidelberg 

New York 

Barcelona 

Hong Kong 

London 

Milan 

Paris 

Singapore 

Tokyo 



Peter E. Zhidkov 



Korteweg-de Vries and 
Nonlinear Schrodinger 
Equations: 

Qualitative Theory 




Springer 



Author 

Peter E. Zhidkov 

Bogoliubov Laboratory of Theoretical Physics 
Joint Institute for Nuclear Research 
141980 Dubna, Russia 

E-mail : zhidkov @ thsun 1 .j inr.ru 



Cataloging-in-Publication Data applied for 



Mathematics Subject Classification (2000): 34B16, 34B40, 35D05, 35J65, 

35Q53, 35Q55, 35P30, 37A05, 37K45 

ISSN 0075-8434 

ISBN 3-540-41833-4 Springer- Verlag Berlin Heidelberg New York 

This work is subject to copyright. All rights are reserved, whether the whole or part 
of the material is concerned, specifically the rights of translation, reprinting, re-use 
of illustrations, recitation, broadcasting, reproduction on microfilms or in any other 
way, and storage in data banks. Duplication of this publication or parts thereof is 
permitted only under the provisions of the German Copyright Law of September 9, 
1965, in its current version, and permission for use must always be obtained from 
Springer- Verlag. Violations are liable for prosecution under the German Copyright 
Law. 

Springer- Verlag Berlin Heidelberg New York 

a member of BertelsmannSpringer Science-rBusiness Media GmbH 

http ://ww w. springer.de 

© Springer- Verlag Berlin Heidelberg 2001 
Printed in Germany 

Typesetting: Camera-ready TgX output by the authors 

SPIN: 10759936 41/3142-543210 - Printed on acid-free paper 



Dedicated to the memory of my mother 
Zhidkova Veronika Petrovna 




Contents 

Page 

Introduction 1 

Notation 5 

Chapter 1. Evolutionary equations. Results on existence 9 

1.1 The (generalized) Korteweg-de Vries equation (KdVE) 10 

1.2 The nonlinear Schrodinger equation (NLSE) 26 

1.3 On the blowing up of solutions 36 

1.4 Additional remarks. 37 

Chapter 2. Stationary problems 39 

2.1 Existence of solutions. An ODE approach 42 

2.2 Existence of solutions. A variational method 49 

2.3 The concentration-compactness method of P.L. Lions 56 

2.4 On basis properties of systems of solutions 62 

2.5 Additional remarks 76 

Chapter 3. Stability of solutions 79 

3.1 Stability of soliton-like solutions 80 

3.2 Stability of kinks for the KdVE 90 

3.3 Stability of solutions of the NLSE nonvanishing as lx| oo 94 

3.4 Additional remarks 103 

Chapter 4. Invariant measures 105 

4.1 On Gaussian measures in Hilbert spaces 107 

4.2 An invariant measure for the NLSE 118 

4.3 An infinite series of invariant measures for the KdVE 124 

4.4 Additional remarks 135 

Bibliography 137 

Index 147 




Introduction 



During the last 30 years the theory of solitons - the theory of nonlinear partial 
differential equations (PDEs) possessing solutions of a special kind - has grown into a 
large field that attracts the attention of both mathematicians and physicists in view 
of its important applications and of the novelty of the problems. Physical problems 
leading to the equations under consideration are observed, for example, in the mono- 
graph by V.G. Makhankov [60]. One of the related mathematical discoveries is the 
possibility of studying certain nonlinear equations from this field by methods that 
were developed to analyze the quantum inverse scattering problem; these equations 
are called solvable by the method of the inverse scattering problem (on this subject, 
see, for example [89,94]). At the same time, the class of currently known nonlinear 
PDEs solvable by this method is sufficiently narrow and, on the other hand, there is 
another approach, called the qualitative theory of differential equations. The latter 
approach in particular includes investigations on the well-posedness of various prob- 
lems for these equations, the behavior of solutions such as stability or blowing-up, 
properties of dynamical systems generated by these equations, etc., and this approach 
makes it possible to investigate an essentially wider class of problems (maybe in a 
more general study). 

In the present book, the author surveys some problems and methods of the 
qualitative theory of equations under consideration, both stationary and evolutionary, 
that he has dealt with during about twenty years. So, the selection of the material is 
mainly related to the author’s scientific interests. There are four main topics. These 
are results on the existence of solutions for initial- value problems for these equations, 
studies of stationary problems arising when solutions of special kinds (for example, 
travelling or standing waves) are substituted in the equations under consideration, 
problems of the stability of solitary waves, and the construction of invariant measures 
for dynamical systems generated by the Korteweg-de Vries and nonlinear Schrodinger 
equations. 

We consider the following (generalized) Korteweg-de Vries equation (KdVE) 
ut + f{u)ux + “^XXX ““ ^ 

and the nonlinear Schrodinger equation (NLSE) 

iut -I- Aw -I- /(1 m]^)m = 0, 

where i is the imaginary unit, u = u{x,t) is an unknown function (real in the first case 

and complex in the second), t £ R, x £ Rin the case of the KdVE and x S R^ for 

N 2 

the NLSE with a positive integer N, /(•) is a smooth real function and A = ^ ^ 

K— 1 * 
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is the Laplacian. Typical examples, important for physics, of the functions f[s) and 
/(s^) respectively, are the following: 



as" 



1 + 



(where a and u are positive constants). 



Chapter 1 contains results on the well-posedness of the Cauchy problem and 
initial-boundary value problems for the KdVE and the NLSE used further. In Chapter 
2, we consider the stationary problem. It arises when we substitute the expression 
for travelling waves u = ^(w, x — uit) in the case of the KdVE and standing waves 
u = e“*0(w, x) in the case of the NLSE, where uj £ R and is a real function, into 
the equation (it is convenient to introduce just this notation, specifying, if necessary, 
what equation is being dealt with). In what follows, the solutions of these kinds will 
be called the solitary waves if is a bounded function possessing limits as r — > ±oo 
(as |a;l oo for the NLSE). Substituting the expression for standing waves into the 
NLSE, we obtain the following nonlinear elliptic equation of the second order: 



Acl, - 0, xeR^, 



which we supplement with some boundary conditions, for example, 

»-oo “ d* 

A similar problem arises for the KdVE. For the KdVE and the NLSE with N = 1, 
the problem of existence and uniqueness of solitary waves satisfying conditions of the 
type ^(*’)(±oo) = 0 (k — 0,1,2) can be sufficiently easily solved (see Chapter 2). 
Difficulties arise when N > 2. In this case, generally speaking, non- uniqueness of 
nontrivial solutions occurs when such solutions exist (for example, for functions / of 
the above kinds). Let us consider solutions depending only on the argument r = |r|. 
In this case, the typical result for functions / interesting for us is the following: for 
any integer I > 0 there exists a solution of our problem which, as a function of the 
argument r = |r|, has exactly I roots on the half-line r > 0. 

We consider two methods of proving the existence of solitary waves. These 
are the method of the qualitative theory of ordinary differential equations (DDEs) 
and the variational method. As an example of the latter, we briefly consider the 
concentration-compactness method of P.L. Lions. In addition, in this chapter we 
touch upon recent results on the property of being a basis (for example, in L 2 ) for 
systems of eigenfunctions of nonlinear one-dimensional Sturm- Liouville-type problems 
in finite intervals similar to those indicated above. 

Chapter 3 is devoted to the stability of solitary waves, which is understood in the 
Lyapunov sense. Omitting some details, this means that, if for an arbitrary Uq from a 
set X, equipped with a distance i?(-, •), there exists a unique solution u{t), f > 0, of 
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the equation under consideration, belonging to X for any fixed t > 0, then a solution 
W(t), belonging to X for any fixed t > 0 is called stable with respect to the distance 
R, if for any e > 0 there exists ^ > 0 such that for any solution u{t), belonging to 
X for any fixed t > 0 and satisfying jR($(0),u(0)) < 6, one has i?(W(i), u(t)) < e for 
all t > 0. Probably the historically first result on the stability of solitary waves was 
that obtained by A.N. Kolmogorov, I.G. Petrovskii and N.S. Piskunov [48]: in our 
terminology, they proved (in particular) a stability of a kink for a nonlinear diffusion 
equation (in the one- dimensional case a solitary wave is called a kink if ^ 0 

for all a;). 

Let us introduce a special distance in the real Sobolev space consisting of 
functions of the argument s, by the following rule: 

p(u,v)= inf H-)-u(--|-t)||hi. 

If we call two functions u and v from satisfying the condition u(x) = v{x — t) 
for some t £ R, equivalent, then the set of classes of equivalent functions with the 
distance p becomes a metric space. For several reasons, it is natural to investigate the 
stability of solitary waves of the KdVE with respect to this distance p; first, because 
the KdVE is invariant up to translations in x; second, the KdVE usually possesses 
a smooth family of solitary waves depending on the parameter u> £ (a,b). Therefore 
any two solutions <l>{uji,x — u>it) and (f>{u 2 ,x — close to each other at the point 
t = 0 in the sense of standard functional spaces such as Lebesgue or Sobolev spaces, 
cannot be close in the same sense for all < > 0 if they have non-equal velocities Wi 
and W 2 - At the same time, if two solitary waves are close at t = 0 in the sense of the 
distance p, then they can be easily verified to be close for alH > 0 in the same sense. 
T.B. Benjamin in his pioneering paper [7] has proved the stability of solitary waves of 
the usual KdVE with /(s) = s with respect to the distance p. He called this stability 
the stability of the form of a solitary wave. Later, his approach was developed by 
many authors and we shall consider their results. 

For solitary waves of the NLSE, the distance p should be modified. It should 
l<e taken in the following form: 

d{u,v) — inf ||w(-) — — r)j|fln (u,u G H^) 

T,-y 

where is now the complex space, r € R^ and j £ R. To clarify this fact, we 
only remark here that the usual one-dimensional cubic NLSE with f{s) — s has a 
two-parameter family of solutions 

$(x,t) = -\/^exp {i\bx — (b^ — w)t]} ■[cosh[Vw(a; — 2&t)]} ^ 

where w > 0 and b are real parameters. Therefore, two arbitrary solutions from this 
family, arbitrary close at t = 0 in the sense of the distance p, cannot be close for all 
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^ > 0 in the same sense if they correspond to different values of I? — u>. By analogy, 
any two standing waves of the NLSE, close at t = 0 in the sense of the distance p and 
corresponding to two values of the parameter w, nonequal to each other, cannot be 
close in the sense of the distance p for all f > 0. At the same time, the functions of 
the family $(a;, t) above satisfy the definition of stability in the sense of the distance 
d. 

In the two cases of the KdVE and the NLSE, we present a sufficient (and “almost 
necessary”) condition for the stability of solitary waves satisfying lim = 0 and 

jx |— +00 

4>{x) > 0, that is called the Q-criterion in the physical literature. Roughly speaking, 
for a nonlinearity of general type a solitary wave is stable (with respect to the distance 
p for the KdVE and to d for the NLSE) if the condition > 0 is satisfied. 

Next, we consider the stability of kinks for the KdVE with respect to the distance 
p. Among physicists there is a widespread opinion that kinks are always stable. 
Confirming this point of view, we prove the stability of kinks under assumptions on 
the function / of general type. 

The last part of Chapter 3 is devoted to the stability of solitary waves of the 
NLSE non-vanishing as |a;l — > oo. We present a stability of a new and interesting 
type. It should be said however that many questions remain open in this direction. 

In Chapter 4, we deal with the problem of constructing invariant measures 
for our equations. These objects have many important applications in the theory 
of dynamical systems. We concentrate our attention on one such application con- 
nected with physics. It is the Fermi-Pasta-Ulam phenomenon which is well-known in 
the theory of nonlinear waves. Roughly speaking, it means the stability according to 
Poisson of all trajectories of a dynamical system generated by the corresponding equa- 
tion. By computer simulations, the Fermi-Pasta-Ulam phenomenon was observed for 
many “soliton” equations. If we have a bounded invariant measure for our dynamic 2 il 
system, then the Poincare recurrence theorem explains this phenomenon partially. 
For the NLSE, we construct an invariant measure associated with the conservation of 
energy and, for the KdVE in the case when it is solvable by the method of the inverse 
scattering problem, we present an infinite sequence of invariant measures associated 
with higher conservation laws. 

The author wishes to thank all his colleagues and friends for the useful scien- 
tific contacts and discussions with them that have contributed importantly to the 
appearance of the present book. 




Notation 



Unless stated otherwise, the spaces of functions introduced are always real in 
the case of the KdVE and complex for the NLSE. 

Everywhere C, Ci, C 2 , C', C", ... denote positive constants. 

IV = 1 for the KdVE and fV is a positive integer for the NLSE. 

X = (ai, ...,xn) e R^. 

N j 

^ ~ X) ^ Laplacian. 

= [ 0 , +00). 

For a measurable domain C (p ^ 1) the usual Lebesgue space 

of functions defined on with the norm |u|x,p(fi) = {/ |u(x)|^dx}?. 

Q 

Lp = Lp{R^) and l«|p = |u|£,p(i,N). 

(P) h)ij(n) = J g{x)h{x)dx for any g,he L 2 {il). 

(v) = 

00 00 

h = {a = {ao,ai,...,an,...) : a„ £ R, ||a||fj = E < o°}) («j &)/2 = E <^nbn 

71=0 71=0 

whore a — (t^Oj ^ 

For an open domain fl C R^ with a smooth boundary is the space of 

infinitely differentiable functions of the argument x £ 0, with compact supports in f2. 

Co°° = C^{R^). 



D is the closure of operator —A with the domain C^{Q.) in // 2 (fl). It is well- 
known that, if n is a bounded domain or fl = R^, then Z) is a positive self-adjoint 
operator in L 2 {fl). 

Let 0, C R^ be an open bounded domain with a smooth boundary or let 
ft = R^. Then, the space H^{Q.) is the completion, according to Hausdorff, of the 
set equipped with the norm |1 w|Ih.(jj) = -t- |«li, 2 (n) ^ R) and the 
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corresponding scalar product (•, •)h={Q)- Then, are Hilbert spaces (in fact, they 

are well-known Sobolev spaces). 

- H‘{R% II • lU = II ■ ||;^.(fi;.) and (•,•), = 

For an open set fl C , C(fl) is the space of continuous bounded functions 
defined in fi with the norm |wlc(n) = sup |«(a:)|. 

arGfi 

C = C{R^) and |ulc - 

For an arbitrary positive integer k, is the Banach space consisting of 

functions n{x) of the argument x E R, absolutely continuous with their derivatives of 
order 1, 2, ..., A: — 1 in any finite interval, for each of which the following norm is finite; 

INII. = l«k + Elgt. 

i=I 

Let C'"(I;X), where k — 0,1,2,..., X is a Banach space with a norm || . || 
and 7 C jf? is a connected set, be the space of k times continuously differentiable 
functions u : I X with derivatives in t of order 0, 1, ...,k bounded in 7, with the 
norm ||wi|c 7 *(/;X) = , max sup 1|^^||. 

S is the Schwartz space consisting of infinitely differentiable functions u{x) of 
the argument x E R rapidly decreasing as Jxj — > oo so that for any k,l = 0,1,2,... 
Pk,i(u) — sup x^ ^ < 00 , with the topology generated by the system of seminorms 

X 



For an open domain $7 C R^ with a sufficiently smooth boundary, let FFp(fi), 
where p > 1 and I = 1,2,3,..., be the standard Sobolev space being the completion 
of the set equipped with the norm 




Let = Wl{R^). Then, clearly = H‘, I ^ 1, 2, 3, .... 

The space S), where 7 is an interval, is the set of infinitely differentiable 

functions u(x,t) defined for (x,t) E R x I, belonging to the space S for any fixed 
t E I and such that for any integer k,l,m > 0 



sup 

KGiJ, tel 



^^ d‘+”'u(x,t) 

dx‘dt”^ 



< oo. 
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^ = (a!r> gradient. 

For an integer n > 0 and A > 0, is the completion of the linear space 

of infinitely differentiable functions defined in R and periodic with the period A, 
equipped with the norm 









Chapter 1 

Evolutionary equations. Results 
on existence 



In this chapter we consider several results on the well-posedness of initial-value prob- 
lems for the KdVE and NLSE that are used in the next sections. In Additional 
remarks to this chapter, we mention additional literature on this subject. Now we 
prove the result, generally well-known, which is intensively exploited further. 



Gronwell’s lemma. Let a nonnegative function y{t), defined and continuous on 
a segment [to)?’], satisfy the inequality 

i 



y{t) <a J y{s)ds + b, te [to,r]. 



to 

where a and b are positive constants. Then^ 

t 



J 



y(s)ds < — and y[t) < 

a a 



for all t e [to, T]. 



Proof. Let Y{t) = / y{s)ds. Then, 
<0 



Y{t) 



aY + b 

Integrating this inequality from to to t, we get 



< 1, t € [to, T]. 



1 , aY(t) + b , 

— In ^t — to, t € [to, T]. 

a 0 



Hence 



y{t) < aY{t) -f- b < t € [to, T] 

and the GronwelPs lemma is proved. □ 
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10 CHAPTER 1. EVOLUTIONARY EQUATIONS. RESULTS ON EXISTENCE 

1.1 The (generalized) Korteweg— de Vries equa- 
tion (KdVE) 



In this section we establish two results on the well-posedness of the Cauchy problem 
for the KdVE 

Ui “b "b — O5 Xjt £ Rj ^1.1,1^ 

u(a;, 0) = Wo(x). (1.1.2) 

At first, we consider the case when solutions of this problem vanish as |x| — + 00 . We 
introduce the following definition of generalized solutions in this case. 

CO 

Definition 1.1.1 Let Mn(-) € /(•) G (J C((— m,m); J?) and Tj, T '2 > 0 6e ar- 

m=l 

bitrary. We call a function 6 C'((— 2\,T2); fl C'^((— Ti, T 2 ); general- 

ized solution (or a -solution) of the Cauchy problem (1.1.1), (1.1. 2) ifu{-,0) — uo(') 
in the space and after the substitution of this function in (1.1.1) the equality holds 
in the sense of the space H~^ for any t € {—Ti, Tf). 

Remark 1.1.2 Since in Definition 1.1.1 u(-, t) £ C((— Ti, T 2 ); clearly we have 
f{u[-,t))ux{-,t) + Uxxx G C{{-Ti,T 2 )\H~''-). We also note that in view of Definition 
1.1.1 if u{-,t) is a generalized solution of the problem (1. 1.1), (1. 1.2) in an interval of 
time (— Ti,T 2 ), then it is also a generalized solution of the problem (1. 1.1), (1. 1.2) in 
any interval (— Tj'jTj) where 0 < T/ < T, i= 1,2, so that it is correct to speak about 
a continuation of a generalized solution onto a wider interval of time. If a ff^-solution 
u{-,t) can be continued on the entire real line f G R as a function of time so that for 
any finite interval I containing zero it is a generalized solution in this interval, then 
we call this solution global (defined for all t £ R). 

The first result on the well-posedness of the problem (1. 1.1), (1. 1.2) is the follow- 
ing. 



Theorem 1.1.3 Let /(•) be a twice continuously differentiable function satisfying 
the estimate 

\f{u)\ < c{i -b i«n (1.1.3) 

with constants (7 > 0 and p £ (0,4) independent of u £ R. Then, for any Uq £ 
there exists a unique global Resolution u{-,t) of the problem (1. 1.1), (1.1. 2). This 
solution continuously depends on the initial data in the sense that for any T > 0 the 
map «o ^ — >■ u(-,t) is continuous from into C{{—T,T)\He)r\C^{{—T,T)-,H~^). In 
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addition, ifu(-,t) is a H^-solution of the problem (1. 1.1), (1. 1.2), then the quantities 

oo oo 

Eo{u{-,t)) = j v?(x^t)dx and Ei(u(-,t)) = J ^^ul{x^t) — F{u{x,t))j dx, 

— oo -’OO 

u u 

where f{u) — f f{s)ds and F{u) = f f(s)ds, are determined and independent of 
0 0 

t € R, i. e. the functionals Eq and Ei are conservation laws. 

A result similar to Theorem 1.1.3 takes place for the Cauchy problem (1.1,1), (1.1.2) 
with periodic initial data. Instead of it we consider a certain result for the problem 
periodic with respect to the spatial variable x for the standard KdVE with f{u) = w; 
we shall exploit this result in Chapter 4. We introduce the following definition of 
solutions in the case when the initial data axe periodic. 

Definition 1.1.4 Let f{u) = u, uo G Hp^,.(A} for some A > 0 and inte- 
ger n > 2 and Ti,T 2 > 0. We call a function u{-,t) 6 C'((— Ti, Tz); ifp„(A)) Pi 
C'^((— TxjTj); ifp~®(A)) a solution of the problem (1.1.1), (1.1.2) periodic in x with 
the period A > 0 (or simply a periodic -solution) if u{-,0) = uo(') In the space 
J?pgj(A) and, for any t £ (—T 1 .T 2 ), equality (Ll.l) holds in the sense of the space 
Hp~^{A) after the substitution of the function u in it. 

As earlier, it is correct to speak about a continuation of a periodic if”-solution 
onto a wider interval of time and about a global solution (defined for all t £ R). 
The result on the well-posedness of the problem (1.1.1 ),(!.!. 2) in the periodic case 
considered in this book is the following. 

Theorem 1.1.5 Let f{u) = u so that we deal with the standard KdVE. Then for 
any integer n > 2 and Uq £ Hp^^(A) there exists a unique global periodic W^-solution 
of the problem (1.1.1), (1.1.2). This solution continuously depends on the initial data 
in the sense that for any T > Q the map Uo > — > u(-,t) is continuous from i?per(A) 
into C((— r,T);i/'per(A))nC'^((— r,T);.ffp“®(A)). In addition there exists a sequence 
of quantities 

A A 

Eo{u) = j u‘^(x]dx, Ei(u) = j 
0 0 
A 

En{u) = J + -g„(u,...,4"“^))|d^ n = 2,3,4,..., 

0 

where are constants and q„ are polynomials, such that for any integer n >2 and a 
periodic Resolution of the problem (1.1.1), (1.1.2) (with f(u) = u) the quanti- 
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ties Eo{u{-,t)), ...,En{u{-,t)) do not depend on t, i. e. the functionals Eo,...,En are 
conservation laws for periodic -solutions. 



Our proof of Theorem 1.1.3 consists of several steps. At first, we consider the 
following regularization of the problem (1.1.1), (1.1.2): 

wt + f{w)wx + = 0, X e R, t > 0, e > 0, (I-1-4) 

ui(a;,0) = Wo{x) (1.1.5) 

and prove the following; 

Proposition 1.1.6 Let /(•) be an infinitely differentiable function satisfying the 
estimate (1.1.3). Then, for any Uq €. S and e € (0,1] the problem (I.l.f), (1.1.5) has 
a unique global solution which belongs to (7°°([0, n); S) for an arbitrary n = 1,2, 3, .... 

At the second step, we take the limit e — > +0 in the problem (1.1.4), (1.1.5). In 
fact, we get the following statement which is, of course, of an independent interest. 

Proposition 1.1.7 Let /(•) be an infinitely differentiable function satisfying the 
estimate (1.1.3). Then, for any Uq Q S there exists a unique solution u{-,t) 6 

OO 

(J C°°{{—n,n);S) of the problem (1.1.1), (1.1.2). 

n=l 

At the third step, using Proposition 1.1.7, we prove Theorem 1.1.3. 

Now we turn to proving Proposition 1.1.6. We begin with the following: 



Lemma 1.1.8 The system of seminorms 



pi,o{u) “ I y po,i(«) “ I y 



X} , 1 = 0, 1,2,... 



generates the topology in the space S. 
Proof follows from the relations 



pim = y dx = (-1)- y u{x)£^ 



idYulx) 

dx’^ 



dx < 






k-0 



“ X/ / 1 ^^u^{x)dx + 






dx.D 
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Let us take an arbitrary e £ (0, 1]. We construct solutions of the problem 
(1. 1.4), (LI. 5) by the iteration procedure 

'0)ni “b 'Wnxxx “b 1 )^(n— l)a;5 ^ € R^ t > 0, Tl 2,3,4, ..., (1.1.6) 

Wn{x,0) = Uo(x), (I-1-7) 

where wi{x,t-, e) = Uo{x) G S. Using the Fourier transform, one can easily show that 

OO 

e U C7«([0,m);5), n = 2,3,4,.... 

m=l 

Taking into account (1.1.3) and applying Sobolev embedding inequalities, we 
get from (1.1.6); 




+Ci(|K_:||r^ + l)(hW|2 + KW < C'2(e)(l + + ||u;„||D. (I-1-8) 

In view of the Gronwell’s lemma, inequality (1.1.8) immediately implies the existence 
o{to = to{e) > 0 such that 

IKIl2<2||«o||i, n = 2,3,4,..., < G [ 0 ,to]- (1.1.9) 



Let us now obtain the estimates 



d‘wn 



dx‘ 



<c(e,0, I = 3, 4, 5,.. 



( 1 . 1 . 10 ) 



for all t G [0,to] and n = 2,3,4,.... By using the induction in I, equation (1.1.6), 
estimate (1.1.9) and embedding theorems, we get; 



1 d d^Wn ^ 

2 dt dx‘ , 



(-D- / 



d'^‘Wn 



(/(M'r,-l)u)(„_i)„ + u; 

nxxx + ew^*J)dx < 



^ dx'+'^ 2 



OO 

- J [f{Wn-l)w(n-l)x] dx < C{t,l) 

— CO 

and the estimates (1.1.10) are proved. 

Now, let us show the existence of ti = U(e) G (0,to(e)] such that for any 
m, n = 1, 2, 3, ... 

OO 

sup f x^^w^dx < Ci{m^ e) (1.1.11) 

Q<t<ti J 
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where ci(m,e) is a positive constant independent of n. We can assume that m > 2 
because the case m = 1 can be treated by analogy. By integrating by parts, we derive 



ii. 

2 dt 



oo oo 

J x-^'-wldx = -e j x^^wl^Jx + 



where P{ are integrals of the following kinds: 



CO 

/ 



Pi = Ci I Pi = a j x^”' ^ 



dx 



and 



OO 

Pi - j 



j-dx 



with fc, 1 = 0, 1, 2 and r = 0, 1. In view of the inequality + C 2 (ei, m', m), 

where 0 < m' < m, and the estimates (1.1.9) and (1.1.10), we get the following for 
the terms I\ of the first type with 1 = 2 and r = 0: 

00 oo 

\Pi\<-^ J x‘^"'{wn:rxfdx + c{e,m) J x^”'wldx + Ci{e,m), 

— OO — OO 

where if > 0 is a sufficiently large constant. The estimates for / = 0 or 1 = 1, r = 0 
are trivial. Consider also the case r = i = 1 and fc = 0 or A: = 1. Then, we have 
d d 

Pi<C2 + \ci\J2 / <C'^Y. h(^. K)wl + dx + C" = 



=ci-l 



<i=— oo 



d-1 



00 

= C' I [c3(e, K)wl + J dx + C'' 

—OO 

where the constant if > 0 is arbitrarily large. The terms P,- of other kinds can be 
estimated by analogy. For example, for the terms P,- of the second kind we have 



Pi<C PC 



OO 

j x^“( 



+ ^l)dx. 



So, we can choose the constant if > 0 so large that the term e f x^^'w^^dx becomes 

— OO 
OO 

larger than the sum of all terms of the kind ^ f x^”'w^^^dx. Therefore, we get 



1^ 

2dt 



OO OO 

J x^"^wldx < C{e,m) J 



( 1 . 1 . 12 ) 
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The estimate (1.1.11) follows from (1.1.12). 

Inequalities (I.1.9)-(I.1.11) immediately yield the compactness of the sequence 
{wn}n=i,2,3,... in tte space (7([0,ti(e)]; 5). Also, the estimate 

oo oo 

j jlgl-iAgVidx, 

—OO — oo 

is implied by equation (1.1.6) and the estimates (1. 1.9), (1.1.10). Therefore, the se- 
quence {to„}n=i,2,3,... converges to a function w[x,t\e) in the space C([0,t'(e)]; T 2 ) 
where t' € (0, ti] is sufficiently small. Hence, due to its compactness in C([0, ti(e)]; S), 
this sequence converges to w{x,t\ e) in the space C([0, t'(e)]; S). Thus, taking the limit 
in (1. 1.6), (1. 1.7) as n — > 00 , we get the local solvability of the problem (1.1.4), (1. 1.5) 
in the space C'([0,t'(e)]; 5). 

To show the uniqueness of this solution, let us suppose the existence of two 
solutions w^(x,t]e) and w^(x,t-,e) of the class (7([0,r];5) with some T > 0. Setting 
w = vA — w^, we easily derive from equation (1.1.4): 

OO OO 

^ j [w{x,t-,e)]'^dx < C{e) J [w(x,t\d)fdx, 

— OO — OO 

where a constant C{t) > 0 does not depend on x £ R and t G [0,T]. Therefore, 
according to the Gronwell’s lemma, and the uniqueness of a solution of the 
above class of the problem (1.1.4), (1. 1.5) is proved. 

Now we want to make some estimates, uniform with respect to e G (0, 1], for 
solutions of the problem (1.1.4), (1. 1.5) of the class C([0, T]; 5). 



Lemma 1.1.9 Let the assumptions of Proposition 1.1.6 he valid and let w{x, t] e) G 
C([0,T];5') be a solution of the problem (1. 1. 4), (1. 1.5). Then [«;(■, t;e )|2 is a nonin- 
creasing function of the argument t > 0. Also, for any (7 > 0, p G (0,4), Ri > 0 
and T > Q there exists R 2 > 0 such that for an arbitrary infinitely differentiable 
function /(•), satisfying condition (1.1.3) with these constants C and p, any e G (0, 1] 
and a solution w{x,t;e) G (7([0,T']; 5") (where T' G (0, T] is arbitrary) of the problem 
(LI. 4), (1. 1.5), satisfying the condition ||tx;(-,0; e)||i < Ri, one has ||w'(-,i;e)||i < R 2 
for all t G [0, T']. 

Proof. To prove the first statement of our Lemma, it suffices to observe that 




— e 



OO 

j wlffx,t;e)dx <0. 

-OO 



Let us prove the second statement. For a solution w(x, t; e) G C'([0, T]\ S) of the 
problem (1. 1.4), (1. 1.5), by applying embedding theorems and the proved statement of 
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the lemma, we get: 

oo oo oo oo 

j j j F{w{x,f,e))dx-e j -^[f{w)]w^^^dx < 

— OO —oo — oo — oo 

CO oo 

^ -e y + CCie{l + + ^ J F{w{x,t; e))dx < 

— OO — oo 

oo 

<^y F{w{x,t;e))dx + C 2 t (1.1.13) 

— OO 

because 1 + | + | < 2, and where constants Ci, C 2 > 0 depend only on C, p, i?i and 
on constants C, C" > 0 from the multiplicative inequalities 

SI 2 1 

l^lc ™ ^ I^i 2 |^a;|2 ^ ^ |"^a?3:3:j2 ■ 

Since due to condition (1.1.3) F{w) < Czi'^^ + |«|^'*'^) where p € (0,4), we have by 
embedding theorems 
00 

y F{w{x, t; £))dx < Cs\u\l + Ci\u\l'^'^\u^\l < jlwxis + C's, (1.1.14) 

—OO 

where the following inequality has been used: 

i«u2 < (I-1-15) 

and where Cs, C 4 , C 5 and Ce are positive constants depending only on i?i,C and p. 
Now the second statement of Lemma 1.1.9 follows from the first statement, (1.1.13) 
and (I.1.14).n 

Lemma 1.1.10 Let (7 > 0, p 6 (0,4), i?i > 0 and T > 0 be arbitrary and let 
i ?2 = R 2 {C,p,Ri,T) > 0 be the corresponding constant from Lemma 1.1.9. For an 
arbitrary twice continuously differentiable function /(■) we set: 

R= sup |u|c, F 2 {C,p,f,Ri,T) = sup \f{u)\ 

u£H^: ||!i||i<fl2 |u|<fl 

and 

F 3 (C,p,/,i?i,r)= sup |/"(u)| 

|«|<R 

(here R < 00 in view of the embedding of into C). Take an arbitrary sufficiently 
large i ?3 > 0. Then, there exists i ?4 > 0 such that for any e S (0,1], an arbitrary 
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infinitely differentiable function f{-), satisfying (1.1.3) with the above constants C 
and p and such that JF 2 (C,p, /, < R 3 and Fz{C,p, f,R\,T) < R 3 , and for 

an arbitrary solution w{x,t',e) £ C7([0,T’']; S) of the problem (I.1.4),(I.1.5) (T' € 
(0,r]J, obeying the conditions ||iy(-,0; e)|li < Ri and ||ro(-,0; e )||2 < R 3 , one has 
e )||2 < T ?4 for all t € [0,T’']. 

Proof. Take arbitrary constants i?i, sufficiently large R 3 , C > 0,p € (0, 4), some 
e € (0, 1] and let an infinitely differentiable function /(•) satisfy condition (1.1.3) with 
these constants C and p, F 2 {C,p,f,R\,T) < R 3 and F 3 {C,p, f, Ry,T) < R 3 . Using 
Lemma 1.1.9 and inequality (1.1.15), we get 

00 2 00 00 

lit 1 i^) * = -« / (“?’)’<'* - / = 

— 00 —00 —00 

00 00 00 

= -e / (w^x^fdx - j f"[w)wlw^^dx J f'{w)w^wl^dx = 

—00 —00 —00 

00 

= -e J (w^^^Ydx + Ii{w) + Fiw). (1.1.16) 

— 00 

Let us estimate the terms Ii{w) and /^(m) separately. For Ii{w), applying 
inequality (1.1.15) and Lemma 1.1.9, we get 

h{w) < < ClF3\W:^\l < CiI^Fzlw^xll, (1.1.17) 

where the constant Ci > 0 depends only on the constant from the embedding in- 
equality (1.1.15). 

Let us estimate 12 ( 10 ). We have 

CO 00 

Iffw) = -~ J f(w)w^^dx + ^ J {f{w)f'{w)wl + f"(w)wlw^^)dx+ 

— 00 —00 

00 

/ [2f(w)wl^^ -+ f"(w)wlwa;xxdx d- 4/'( w)Wa:W:^x'Wxxx]dx. (1.1.18) 

— CO 

The second term in the right-hand side of this equality can be estimated completely 
as h(w) from (1.1.16), so that we have 

OO 

I j {f{w)f'(w)wl + r(w)wlw,^}dx < C 2 (F^F 2 + F'3)(kx.|^ + 1) (1.1.19) 

— 00 

where Fi = sup |/(u)|. 

|u|<R 
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Due to embedding theorems, the term from the right-hand side of (1.1.18) with 
the coefficient |e can be estimated as 

O 

oo 

e j + C-3 (Fi, F2, Fs, R 2 ). (1.1.20) 

— OO 

00 

Finally, for l 3 {w) = — | f f{w)wxxdx we have 

— OO 

h{w) < c{i -f C 4 lhllDkl 2 M2 < w^Rlii + c^Rlf + \\Ml (I-1-21) 

where the constant C4 > 0 depends only on constants from embedding inequalities. 
In view of Lemma 1.1.9 and the estimates (I.1.16)-(I.1.21), Lemma 1.1.10 is proved. □ 



Lemma 1.1.11 Under the assumptions of Theorem 1.1.3 for any integer I > 2 and 
r > 0 there exists c{l, T) > 0 such that for any e 6 (0, 1] and an arbitrary solution 
■w{x,t]e) e <7([0,T']; 5) (here T' G (0,T] is arbitrary) of the problem (1.1. 4), (1. 1.5) 
one has < c(l, T) for all t € [0, T']. 

Proof. We use the induction in 1. For 1 = 2 the statement of Lemma is already 
proved with Lemma 1.1.10. Let this statement be valid for 1 = 2, ...,r. Consider the 
case Z = r -b 1. Using the integration by parts and embedding theorems, we get 









dx’’+^ J 



V 

I dx — 



OO 

/ 



dr+l 

dx-+^ 



[f{wy 



d^+^w 
‘ dx^+^ 



dx < 



< Cldl^iy -t- C'2(||w||2) 



l^r+l 



W 



ax’-+i 



Lemma 1.1.12 Let the assumptions of Theorem 1.1.3 be valid and let T > 0 and 
integer m > 0 be arbitrary. Then, there exists c{m) > 0 such that for any e € (0, 1] 
and a solution w{x,t;c) G C([0,T']; S'), where T' G (0,r] is arbitrary, of the problem 
(1.1. 4), (LI. 5) the following estimate takes place: 



OO 

I 



x^’^w^dx < c(m), t G [0, T']. 



Proof. First of all, we shall show that for any m 
and integer r > 0 such that for u G S we have 



1, 2, 3, ... there exist C > 0 



OO 

/w-'( 



dx^ 



dx <C i l|u||* -b I 



OO 

/ 



"'u^{x)dx 



( 1 . 1 . 22 ) 
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where Z = 0or/ = lor/ = 2 and n = 1 or n = 2. For this aim, we use the obvious 
estimate 

®€(0,1), k = -2,-3, -4,... or k = 1,2,3,... (1.1.23) 

and the multiplicative inequality 

|/ (1.1.24) 

where a = 0, ±1,±2, ... is arbitrary, n — 1 or n = 2 and r > 2 is arbitrary integer. 
Due to (1.1.23) and (1.1.24), we get for integer r > 2mnl~^: 

1 \x\^^-\v!f>fdx= f i^r-'(uW)^dx+(' E +e1 / < 

^ 'Jk=-oo jb=l/ ^ 



vrdx 



\4=-oo 4=1/ \i / 

X (|t^|L,(4,4+l) + \4^UkMDV < + C"{r)2^’^-‘x 

+E) (|«|i2(4,4+l) + iuWk(4,4+l))“ < 

<C(r) (\\u\\l+\\u\\l+Jx^'-u^dxY 



—00 

where we have used the trivial inequality \k^™'~^ < x^'^~‘ for k = —2, —3, ... and 

A: = 1, 2, 3, ... and x £ {k,k+ 1), and (1.1.22) follows. 

Consider the expression 



l_d 

2 dt 



j + 2™ / 



xdx- 



00 00 

-m J x^^-^wldx-e J 



x^'^ww^^dx. 



—00 —00 

Due to Lemmas I.l. 9-1. 1.11, the Holder’s inequality and (1.1.22), the first, second and 
third terms in the right-hand side of this equality can be obviously estimated as 

00 

x^'^w^dx 



C\ -f- (7; 



/ 



—00 
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with some constants Ci,C 2 > 0. The last term can be estimated by analogy after an 
integration by parts. So, we come to the estimate 



1 £ 

2dt 



OO 

j x^”^w^dx<C3 + C4 



J 



Thus, the statement of Lemma 1.1.12 is proved. D 

Lemmas 1.1.1 and 1.1.9-1.1.12 immediately imply the global, for all t > 0, solv- 
ability of the problem (1.1. 4), (1.1. 5). Indeed, let Wq S S. Suppose the existence of 
r* > 0 such that the corresponding S'-solution w{x,t] e) of the problem (1. 1.4), (1.1. 5), 
whose uniqueness has already been proved, can be continued onto the half-interval 
of time [0, T*) and cannot be continued on an arbitrary right half-neighborhood of 
the point t = T*. Then, due to the above-indicated results, there exists a limit 
Ito w{x,t\e) — ui £ S understood in the sense of the space S. Thus, considering 
the Cauchy problem for equation (L1.4) with the initial data w{x, T*; e) = Ui(x), we 
get the local solvability of this problem on an interval of time [T*, T* ■+■ 5) with some 
5 > 0, i. e. we get a contradiction. So, Proposition 1.1.6 is proved. O 

Let us now prove Proposition 1.1.7. Due to Lemmas 1. 1.9-1. 1.12 for any T > 0 
the existence of a solution u(x,t) € C'([0,T);5) of the problem (1.1.1), (1.1. 2) can be 
obtained by taking the limit as e — + -f-O in the problem (1. 1.4), (1. 1.5). The uniqueness 
of this solution of the class (^([Ojr);!?) for any T > 0 can be proved in the same 
way as for the problem (1. 1.4), (1.1. 5). The existence and uniqueness of a solution 
belonging to S for any fixed t in the domain t < 0 can be proved by analogy with the 
above construction. Thus, Proposition 1.1.7 is proved, too.D 

Now, we turn to proving Theorem 1.1.3. Let us take an arbitrary twice continu- 
ously differentiable function /(•) satisfying the estimate (1.1.3) and let {/n(-)}n=i, 2 , 3 ,... 
be a sequence of infinitely differentiable fimctions satisfying the estimate (1.1.3) with 
the same constants C and p and converging to /(•) in C^((—m,m) x {—l,l);R) 
for any l,m = 1,2,3,.... Let us also tEike arbitrary uq G and T > 0 and let 
{uo}n=i, 2 , 3 ,... C 5 be a sequence converging to uq weakly in and strongly in as 
n — ^ OO. For each n = 1,2, 3, ... by m„(x, i) G C°°{{—T, T); S) we denote the solution 
of the problem (1.1.1), (1.1.2) taken with / = /„ and uq = Uq. It is clear that the 
sequence {i? 2 (C',p, i|«n||i, J’)}„=i, 2 , 3 ,..., where the function J ?2 > 0 is given by Lemma 
1.1.9, is bounded and let f ?2 = supi? 2 (C',p, ||w„||i,r) > 0. Let also R 3 — sup 1 |uq||2. 

n n 

Then, clearly R 3 G (0, 00 ). We set R 4 = R 4 {R 3 ) where the function R 4 — i? 4 (i? 3 ) > 0 
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is given by Lemma 1.1.10. Then, due to Lemmas 1.1.9 and 1.1.10, 



||wtj(-,^)||i < ^^2 and |K(-,f)||2 < t G (-T,T). (1.1.25) 

For t e [— r, 0) these estimates can be obtained by the simple change of variables 
X —X and t —t in equation (1.1.1). Therefore, we have for f > 0 

oo 

(y>n Um) — J" (^n — 

~oo — oo 

oo 

— oo 

“^'(yn(^n) ”i" ^mx(y(^m) — 

oo 

= ( 7 ( 7 ) J (Wft ^m) “i" ^n,mi 

-oo 

where +0 as n, m — s- +oo and by analogy for t <0. These estimates yield the 

convergence of the sequence {wn}n=i.2,3,... in fbe space C7([— r,T];X2) to some u{x,t). 
Due to the estimates (LL25), 

and |K*,«)ll2 < ^4, t€[-T,T]. (1.1.26) 

Indeed, let us take an arbitrary t € [— T,T]. Due to (1.1.25), the sequence 
{wri(*j^)}n=i,2,3,... is Weakly compact in hence it contains a weakly converging 
subsequence (without the loss of the generality we accept that it is the sequence 
{^^n(-,0}n=i,2,3,...)- Therefore, 

u{‘^t) e and |lw(',^)||2 < liminf )|w„(-,^)||2 < 

n— +00 

and the properties (1.1.26) are proved. 

The following statement can be proved by analogy. 

Lemma 1.1.13 For any T > 0 u„(-,f) — > u(-,t) as n oo in C{{—T,T)-,H^). 

Lemma 1.1.14 Ifu^ — > Wq strongly in asn -* oo, then ||u(-, f)— u„(-, f)||2 — »■ 0 
for any t S [— T, T] as n oo. 

Proof. Due to Lemma 1.1.13 and the above arguments u„(-,f) — > u(-,t) as n — > 
oo weakly in for any t £ R. Further, we have from (1.1. 16), (1.1. 18) with e = 0 

t OO 

2 l“raa;K('? OI 2 ~ 2^Unxs:i',0)\2 = J j { ~ s))u^,,(-, s)Unxx(', s) + 

0 — OO 
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—CX> 

-/n(M«{-, 0))wL(-> (L))dx. (1.1.27) 

We want to show that the right-hand side R(fmUn) in (1.1.27) tends to R{f,u) as 
n —y 00 . Obviously, for the last term in (1.1.27) the passage to the limit is valid. 
Consider the expression 

t oo 

J' J" {/n (^n)^na;^na:a: f (u)u,pUj;a,)' dxds — 

0 —00 



t 00 

~ J J {[/n(*^n) “ / i'^)]^nx''^nxx + / (w)[^iu!a:(w„j, — U^) -|- U^iu^xx ~ Uxx)]}dxds. 

0 — oo 

Due to embedding theorems, the boundedness of the sequence {uti}ti=i, 2 , 3 ,... in 
C{{—T,T)' H^), its strong convergence in to u{-,t) following from Lemma 1.1.13 
and its weak convergence to in the expression in the right-hand side of 

this equality tends to zero as n —y oo. The other term in the right-hand side of 
(1.1.27) can be considered by analogy. In addition, we observe that in view of em- 
bedding inequalities the absolute value of the integrand of the integral over (0, t) in 
(1.1.27) is bounded by a positive constant independent of n and s. Therefore, indeed 
R(fn, Un) -* R{f, u) as n-y oo. 

Let Un{-, 0) — > «(•, 0) strongly in as n — >• oo. Then, we have 

\\uxx{-,t)\l < liminf |u„„,t,(-,t)j 2 = ^ liminf |u„„„,(-, 0)|2 + R{f,u) = 

n— *■00 Z n—*oo 

= lKx{;0)\l + R{f,u). (1.1.28) 

Now, we observe that all the above considerations are also valid if we change the 
problem (1.1.1), (1.1. 2) by the following; 

Wt -I- f{w)w^ -I- Wxxx = 0, w{-,t) = vP ^ S. 

Take an arbitrary sequence {u7o}„=i,2,3,... C S converging to u{-,t) weakly in H'^. 
Then, we get that the sequence of infinitely differentiable solutions u?„(-,s) of the 
above problem, taken with f — and = Wq, converges to u{-,s) strongly in 
C{{—T,T)-,H^) and, for any fixed s £ R, converges weakly in to u{-,s). Let in 
addition «u5(-) u{-,t) strongly in H'^. Then, we get as earlier 

11 1 

x|«:!;j;(-,0)|2 < - liminf |w„a,j,(-, 0)|2 = -liminf |u„,, 3 ;(-,f )|2 - i?(/,w) = 

Z Z H— *-oo Z n—*oo 
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This inequality together with (1.1.28) yields the equality lim \unxx{-,t )\2 = OI 2 

n — ^00 

and Lemma 1.1.14 is proved. □ 

Lemma 1.1.15 u(-,t) € C{{—T,T);H'^) for any T > 0. 

Proof. Let Un(-,0) — > w(*,0) strongly in H'^ as n -+ 00 . Taking the limit as 
n — >■ 00 in (1.1.27), we get 

2 l*23;i:(',t)|2 = 2 !**“^“^^ ’ R{u). 

This equality due to Lemmas 1.1.9, 1.1.10 and embedding theorems immediately im- 
plies the continuity of 1 i!m(-,*)| 2 in t- Therefore, ||u(-,t )||2 is a continuous function 
oft G [-T,T]. 

Let us take an arbitrary to € [— T,!T] and a sequence {t„}„=i, 2 , 3 ,... C [—I’,?’] such 
that lim t„ = to. Then, according to the proved facts, the sequence {«(•, t„)}„=i 2 3 ... 
converges to u(-,to) strongly in if' and this sequence is weakly compact in if^, there- 
fore any of its limiting points in the space is equal to «(-,to) in the weak sense, 
i. e. this sequence weakly converges to u{-,to) in H"^. But as it is already proved, 
lim ||w(-,t „)||2 = |lw(-,fo)|| 2 , hence l|«(-,t„) - M(-,to )||2 ->■ 0 as n 00 . □ 

ri— +00 

Lemma 1.1.16 For any T > 0 Un{-,t) w(-,t) as n 00 in C{[—T,T]-,H'^). 

Proof. Suppose this statement is invalid and there exist e > 0 and a sequence 
{fn}n=i,2,3,... C [-T, T] such that 

t|n7i(*) in) ^(’> fn)| I 2 ^ 

Let {tnj}i=i, 2 , 3 ,... be a subsequence of the sequence {tn)n=\, 2 ,s,... converging to some 
to e [— T, T]. But > u{-,to) in if^ as fc 00 and one can easily prove as in 

Lemma 1.1.14 that u„^.(',t„^) —t u{-,to) as fc — » 00 in H^. So, we get a contradiction, 
and Lemma 1.1.16 is proved.D 

It easily follows from Lemma 1.1.16 that n«(-,t) = — f{u[- ,t) — Uxxx{-,t) 
in the sense of the space ff~' for any t € [— T, T] and, thus, we have proved the 
existence of a generalized solution of the problem (1.1.1), (1.1. 2). Let us prove the 
uniqueness of this solution. Let Ui{-,t) and U 2 {-,t) be two generalized solutions of the 
problem (1.1.1), (1.1. 2) defined in an interval of time (— ri,T 2 ) where Ti,T 2 > 0. We 
have for t € [0, T 2 ) and w = ui — u^'. 

00 

w^[xN)dx = - y w (/( mi)mix - f{u2)U2x)dx = 

—00 —00 
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OO CO 

= - y w[(/(mi) - /(w2))mix + f{u2)Wa;]dx < C{T2) j w^dx 

— OO — OO 

and hence = U2- For t G (— Ti,0] the proof can be made by analogy so that the 
uniqueness of a generalized solution of the problem (1. 1.1), (LI. 2) is proYed. 

To prove Theorem 1.1.3, we also need to show the continuous dependence of 
generalized solutions of the problem (1. 1.1), (1. 1.2) on the initial data mq. Now, we 
want to do this. 

Let Uo G and let a sequence {wo}n=i. 2 , 3 ,... C converge in this space to 
Wo as n — ^ OO. Let u{x,t) and w„(x,t) be corresponding generalized solutions of the 
problem (1.1.1), (1.1. 2). We need to prove that, for any T > 0, 

lim max lju„(-,t) — w(-,t )||2 = 0. (1.1.29) 

Let us take an arbitrary T > 0. For each number n let Mq G S' be such that for 
the corresponding solution w„(x,t) G C”([— T, T]; S) of the problem (1.1.1), (1.1. 2) we 
have 

^m^y]l|w4-,t)-w4-,t)jl2< ~ (1.1.30) 

(this point Uq £ S exists in view of the above arguments). Then, obviously Uq — > Uq 
in as n —>■ oo, therefore, as it is proved earlier, 

max ||u(-,t) — » 0 as n —* oo. 

But then, in view of (1.1.30) 

max l|u(-,f) - «„(',t)|l2 0 

as w oo, and the relation (1.1.29) is proved. Theorem 1.1.3 is completely proved. □ 

Now we sketch the proof of Theorem 1.1.5. We have f(u) = u. Completely as 
in the case of Proposition 1.1.7, one can prove that for any infinitely differentiable 
uq = Uo(x) periodic with the period A there exists a unique solution u{x,t) of the 
problem (1.1.1), (1.1. 2) infinitely differentiable in x, t G i? and periodic in the spatial 
variable x with the same period A (this statement is also proved in [104]). Below, we 
use the following result on conservation laws of the problem (1.1.1), (1.1. 2). 

Lemma 1.1.17 Let f(u) = u. Then, there exists a sequence of real functionals 

OO 

defined on H°° = Q H^^^{A) of the kind 

71=1 

A A 

Eo{u) = j vf[x)dx, Fi(u) = y |^w^-^w®(x)|dx, £„(u) = 

0 0 
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where Cn are real constants and q„ are polynomials, such that for an arbitrary infinitely 
differentiable solution u(x,t) of the problem (1. 1.1), (1. 1.2), periodic in x with the 
period A, the quantities Eo{u(-,t)),...,En(u{-,t)),... are determined and independent 
oft, i. e. the functionals Eo, ...jEn, ■■■ are conservation laws for periodic H°° -solutions 
of the problem (1.1.1), (1.1. 2) with f(u) = u. 

This statement is related to the complete integrability of the problem (1.1.1), (1.1. 2) 
with f[u) = u and, since the present book is devoted to other questions, we refer 
readers to the corresponding literature where this result is obtained (see Additional 
remarks to this chapter). 

Let us take arbitrary integer n > 2, uq E H^^j.{A) and a sequence (= 1 , 2 , 3 .... 
consisting of infinitely differentiable functions periodic in x with the period A converg- 
ing to uq weakly in ifp„( A) as Z — > 00 . Let ui{x,t), I = 1, 2,3, ..., be the corresponding 
infinitely differentiable solutions of the problem (1.1.1), (1.1. 2) periodic in x with the 
period A. Then, as in the proof of Theorem 1.1.3, one can show that for any T > 0 
and t E {—T, T) 



|w(-,f)|2 = |w(-,0)|2 and max ||ui(-,t)l|Hn„(A) < C*i 

for all I = 1,2,3,... and that there is a limit u(x,t) of the sequence {u((a;,t)};=i, 2 , 3 ,.., 
strong in C7((— T,T); ifp“^(A)) and, for ctny t E R, weak in H^^^(A)-, in addition 

||M(-,i)llff?„(4) < limMi|w((-,t)||ffn^(A) < Cl. 

Let now Ug — > uo in H”^,.{A) strongly and fg 7 ^ 0 be arbitrary. Since the 
functionals JSg, ..., E^ are obviously continuous on H^^^{A) and the functionals 




are weakly continuous on this space, we have 

En{u(-,0)) - lim inf £:„(«((•, 0)) > £„(u(-,fo)); 

»-oo 

in addition, here the strong equality takes place if and only if w;(-,to) — > u{-,to) 
strongly in ifpg^(A) as Z ^ 00 . 

Suppose that 



£^n(w(-,0)) > En{u[-,to)). 



( 1 . 1 . 31 ) 
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Let be an arbitrary sequence of infinitely differentiable functions of the 

argument x £ R periodic with the period A and converging to u(-,fo) as I oo 
strongly in Then, in view of the autonomy of equation (1.1.1), the function 

«(•, t) is the limit, strong in C'([— T, T]; H^^{A)) and, for any fixed t £ [— T, T], weak 
in Hp^f(A) of the corresponding sequence of infinitely differentiable periodic solutions 
I — 1,2,3,... of equation (1.1.1) satisfying u[(-,fo) = *^i(‘)- Therefore, due to 
(1.1.31), we have: 

En(u(-,0)) > En(u(-,to)) = liminfE„(u((-,0)) > E„(u(-,0)), 

/— +00 

i. e. we get a contradiction. Thus, for any t £ R «;(•, t) —>■ strongly in H^^^{A) 

as 1 — > cx). 

One can prove by the complete analogy that u(-,f) 6 C[[~T,T]] Hp^^(A)) and 
that, if again {uo}i=i, 2 . 3 ,... C H^„{A) and uj, uq strongly in as / oo, 

then U((',t) — > u{-,t) strongly in C([—T,T];H^{A)) for an arbitrary T > 0 where 
u;(-,f) are corresponding periodic /^"-solutions of the problem (1.1.1), (1.1.2). 

As in the proof of Theorem 1.1.3, is a unique global periodic Jf"-solution 
of the problem (1.1.1), (1.1.2) continuously depending on the initial data Uq. The state- 
ment of Theorem 1.1.5 about the time-independence of the quantities Eo{u{-, t )), ..., 
En{u(-,t)) follows from the continuity of the functionals Eo,...,En on the space 
Hp^^{A). Theorem 1.1.5 is completely proved. O 

l. 2 The nonlinear Schrodinger equation (NLSE) 

In this section, we consider several results on the existence of solutions of the NLSE 
iui -t- Aw -t- /(| uP)m = 0, X £ , t £ R (1.2.1) 

with prescribed initial data 

u(a;, 0) = Mo(a:). (1.2.2) 

We shall understand the Laplace operator A in equation (1.2.1) in the general- 
ized sense identifying it with the operator —D. Here we shall accept conditions 
of smoothness for the complex function /()wp)w : C i — > C. Considering the 

complex plane C as the two-dimensional linear space R^, we say that the func- 
tion /()up)w is k times continuously differentiable (we write in this case /(|mP)m £ 

OO 

U c'"(( —n,n) X (— m,m); R^))) if /(|wP) M as a map from R^ into R^ is k times 

m, n=l 

continuously differentiable. 

To formulate a result on the existence of solutions of the NLSE vanishing as 
|ar| — > oo, we need the following two assumptions. 
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(fl) Let f{\u\^)u be a continuously differentiable function of the argument u £ C 
and f{s), where s > 0, be a real-valued function and let in the case N >2 there exist 
(7o > 0 and p G (0,p* — 1), where p* = if N > 3 and p* > 1 is arbitrary for 
N = 2, such that 

< Co(l + ueC. (1.2.3) 

(f2) Let there exist C > Q andpi £ (O, such that /(s^) < (7(1 + s £ i7+. 



Remark 1.2.1 Under ^[/(|wP)w] we mean the matrix 
where u = + iu^, Ui,W 2 € R- 

Definition 1.2.2 Let /(•) satisfy condition (fl) and let Ti,T 2 > 0 be arbitrary. 
We call a function u{-,t) € (7((— Ti,T 2 );£T^) fl C'((— ri,r2);i7“’^) a (generalized) 
solution (or simply a -solution) of the problem (1.2.1), (1.2. 2) if u(-,0) = uq in the 
sense of the space and equation (1.2.1) after the substitution of this function u[-,t) 
becomes the equality for any t £ (— 2 \,T 2 ) in the sense of the space 

In this section for the simplicity we present all proofs of the results on the 
existence for the NLSE for TV = 1. We convert the problem (1.2.1), (1.2. 2) into the 
following integral equation; 

< 

«(',f) = + * j e~'^*~‘^^[fi\u-,s)\'^)u{-,s)]ds. (1.2.4) 

0 

In fact, the following statement takes place. 

Proposition 1.2.3 Let Uq 6 H^. Under the assumption (fl) for any T\,T 2 > 0 an 
arbitrary -solution of the problem (1. 2.1), (1.2. 2) in the interval of time (— Ti,T 2 ) 
satisfies equation (1.2.4) i^is interval of time. Conversely, a solution u{-,t) £ 
C{{—T\,T 2 )\H^) of equation (1.2.4) is a -solution of the problem (1. 2.1), (1.2. 2) in 
the interval of time (— Ti,T 2 ). 

Theorem 1.2.4 Under the assumption (fl) for any Uq £ there exist Ti, T 2 > 0 
depending only on ||uol|i such that in the interval of time (— Ti,T 2 ) there exists a 
unique Resolution u[x,t) of the problem (1.2.1), (1.2.2) and T\ — +00 (resp. T 2 = 
+ooj i/limsup ||M(-,it)||i < 00 (resp. */limsup |jw(-,f)||i < 00 ). For any -solution 

t^-Ti+O t-i-Ta-O 

the quantities 

P(«(.,t))= J \u{x,t)\^dx, Eiu{;t))= I {^-\Vu{;t)\^ - F{\u{;t)\^)}dx 

RN RN 




du 



[/d«l>] 




28 CHAPTER 1. EVOLUTIONARY EQUATIONS. RESULTS ON EXISTENCE 



and 

M{u{-,t))= I u{-,t)'Vu{-,t)dx, 

RN 

S 

where F{s) = | / f{r)drj are determined and independent oft (i. e. the functionals 
0 

P,E,M are conservation laws). In addition, under the assumption (f2) any above 
-solution is global in time. 

Proof of Proposition 1.2.3. Let I = (— Ti, Tf) be an arbitrary interval containing 
zero and gi-) G C{I\H^). Consider the linear problem 

iwi — Dw + g{t) = 0, tel, w(0) = wq 6 HU (1.2.5) 

We understand its solutions as functions from C(I\H^) Pi C^{I; H^~'^) satisfying the 
initial condition in and the equation in the sense of H‘~'^ for each tel. Clearly, 
the function 

t 

w{t) = * y g{s)ds 

0 

satisfies the problem (1.2.5). Let us prove the uniqueness of this solution. For this 
aim, it suffices to show that the homogeneous problem 

iwt — Dw = 0, tel, u;(0) = 0 € if* (1.2.6) 

has the unique solution w{t) = 0. 

Let tzj(-) e (7(7; if*)nC^(/; if*“^) be a solution of the problem (1.2.6). Consider 
the function p{t,r) = e~’^*~’~'>’^w{r) e C{T,H^) U C^(i; if“~^). Then, we have for 
r,t e I, 0 r < t: 

.dp^ = w{v) + = 

or dr j V / 

= -£>e-'^-’')^w(r) + e-‘(‘-’->°/?u;(r) = 0 

in the space hence w(t) = p{t,t) = p(t, 0) = 0 and thus w(r) = 0, i. e. the 

uniqueness of the solution of the problem (1.2.5) is proved. 

Let u{-,t) e C{I\H^) n G^{T, H~^) be a solution of the problem (1.2.1), (1.2. 2). 
Then, due to embedding theorems /(iw(-,t)P)tt(',f) G C{I\H^) (we remind that we 
consider only the case N = 1). Therefore, as in the case of the linear problem (1.2.5) 
the function u{-,t) satisfies equation (1.2.4). Conversely, let u{-,t) G (7(7; if^) be a 
Tfbsolution of equation (1.2.4). Then, since as earlier /(|u(-, f)p)u(-, t) G C{T,H^), 
we have -^u{-,t) G C{T,H~^) and the function u satisfies equation (1.2.1) and the 
initial condition (1.2.2). Proposition 1.2.3 is proved. □ 
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Remark 1.1.5 In the proof of Proposition 1.2.3 we followed the paper by T. Kato 
[45] where in fact an essentially more strong result is presented. 

Proof of Theorem 1.2.4 . As noted above, we prove this theorem only for A’ = 1. 

OO 

Also, we assume that /(|up)u E (J C'^((— m,m) x {—n,n); R^) for simplicity. Due 

m,n=l 

to Proposition 1.2.3, equation (1.2.4) is equivalent to the problem (1. 2.1), (1.2. 2). So, 
we consider this equation. We first show the uniqueness of its solution. Let uq E 
and Mi(', t) and t< 2 (', f) be two solutions of this equation from C{T,H^). Then, we get 
by embedding theorems for t > 0 

t 

|ui(-,t) - U2(-,t)|2 < Cl j |ui(-,s) - U2 (-,s)|2<^S, 

0 

hence ui(-,t) = for t > 0. For f < 0 this statement can be proved by analogy, 

and the uniqueness of a solution of equation (1.2.4) is proved. 

Let us prove the existence of a solution. Let 1 > 1 be integer. Suppose now 
that /(|«p)u is an infinitely differentiable function. For any J? > 0 let us show the 
existence of T = T(R) > 0 such that, if ||Moj|i < R, then the operator G in the 
right-hand side of (1.2.4), 

f 

iGu){t)=e-'*^uo + i I e-*(‘-)°[/(|u-,s)l>(.,s)]ds, 

0 

maps the set 

Mt = {«(•) € G{[-T,T]-,H‘) : u(0) = uoE H‘, ||u(.)||, < 2|iuo||,} 

into itself. Indeed, clearly G{Mt) C C{[—T,T];H‘) and, since the operator ^ com- 
mutes with by applying embedding theorems we get from (1.2.4) for E 

Tlfx- 

i 

ll(CM)(t)|li < ||uo||(-l- j 7i(IK-,s)l|,)ds, 

0 

where 7 ;(s) is a continuous positive fimction of the argument s > 0. This inequality 
implies the existence of the above T > 0, depending only on ||uo||;, for which G{Mt) C 
Mx. 

Now let us show the existence, for any R > 0, of a constant Ti 6 (0, T] such that 
the map G is a contraction of the set Mt^ if ||Mo||i < R- Indeed, using embedding 
theorems and the infinite differentiability of /(|up)u, we easily derive 

t 

ll(GMi)(t) - (Gw2)(t)||; < C 2 j ||mi(s) -M 2(5)||i(Is, E Mt,, 
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where the constant C 2 > 0 depends only on |1 mo||i, and therefore such a constant Ti 
exists. 

Since a fixed point of the map G is obviously a solution of equation (1.2.4), 
we have proved, in the case of the infinite differentiability of the function /(|up)u, 
that for any uq € there exists T > 0, depending only on ||mo||;, such that in 
the interval of time {—T,T) there exists a unique solution u(-,t) € C{{—T,T);H‘) 
of equation (1.2.4). Since equation (1-2.1) is autonomous (invariant with respect to 
the substitution t — > t + c where c is a constant), a result similar to the above one 
on the existence and uniqueness of a Jif'-solution takes place if we pose the initial 
condition not at the point t = Q but at an arbitrary point t = to^0. Therefore, since 
the length of the interval of the existence of a /fhsolution is bounded from below 
by a constant T > 0 depending only on ||uo||/, we get the existence of Tf < 0 and 
T;’*' > 0 such that our H*-solution can be continued onto the interval (Tj , T^) and 
limsup ||u(',<)||( = -foo if Tf > —00 (resp. limsup ||u(-,t)||; = +00 if T^ < 00 ). 

t-Tf-t-O «-*T+-0 

Let again uq € H‘, I > 2. Then obviously for each k = 1,2, ..., I there exists a 
unique J^^^-solution of the problem (I.2.1),(I.2.2) and let (T^,T^), where < 0 < 
r^, be the maximal interval of its existence. Then, -00 < Tf < Ilf < ... < Tf < 0 
and 0 < T;'*' < ... < T 2 < T^ < + 00 . Since it follows from equation (1.2.4) that for 
fc = 1, ..., I — 1, Tk+i £ (0,T^) and t £ [0,T]t+i] 

||w(-,0IU+i < IkolU-i-i + (13 ^^max^||w(-,t)||*^ j ||u(-, s)||t+ids 

0 



and by analogy for t < 0 , we have T\ = T2 = ... = T, and T^ = T^ = ... = r,+. 

Let I > 3, Uo E , {uo}’i=i, 2 , 3 .... C i?*, ^ no as n 00 in and 

let {/"(ln|^)u}„=i,2,3,... be a sequence of infinitely differentiable functions satisfying 
condition (1.2.3) with the same constants C and p and such that for any k,m = 
1, 2, 3, ... /”(|uP)u ^ /(|up)ii as n -» 00 in C^{{-k, k) x (-m, m); R^). Let 
be a Lf’^-solution and Un{-,t) {n = 1,2,3,...) be the sequence of LfLgolutions of the 
problem (].2.1),(I.2.2) taken with Wq = uj and /(■) = /"(•)- Let (-T),!!?) and 
(— Tf , T2) be maximal intervals of the existence of these solutions, respectively. 

Let us take arbitrary t' £ (0,Ti) and t" £ (0,T2). We want to prove that 
T” > t' and Tf > t" for all sufficiently large numbers n and that «„(■, t) as 

n — >■ 00 in C([—t', t"]; H^). In view of the above arguments there exist ti £ (0, t'] and 
h € (0,t"] such that for all sufficiently large numbers n //'-solutions can be 

continued onto the segment [— fi,/ 2 ] and are bounded in //' uniformly with respect 
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to i € [— ti, ^ 2 ]- Then, for t £ [—ti,t 2 ] we have {t > 0): 

t 

|u(’, ^)|2 ^ T ^4 ^ j^(*j 

0 



where — > +0 as n ^ oo and C 4 = constant > 0 and by analogy for < < 0, hence 

y-n{-,t) — > u(-,t) as n -4 00 in C'([— ■f/ 2 ). 

Further, by embedding theorems 






< 



t 



ds, 



where (7^ ^ +0 as n ^ 00 and C 5 = constant > 0 and by analogy for f < 0, 
therefore Un{-,t) u{-,t) as n ^ 00 in C([— ti,f 2 ]; The latter fact implies, 

in particular, the convergence of the sequences {||un(-, <,)l|i}„=i, 2 , 3 ,..., * = 1,2, to 
||u(-,<,)l|i, respectively. Hence, if ti < t' or t 2 < t", then there exists t[ £ 

(resp. t'2 £ {t 2 ft"]) depending only on ||m(-,<i)| 1 i (resp. on |lw(-,t2)lii) such that for 
all sufficiently large numbers n solutions w„(-,f) can be continued onto the segment 
[—<'1,0] (resp., on [0, t' 2 ]) and, as above, converge to «(•, f) as n 00 in (7([— t'l, 0]; H^) 
(resp., in (^([Ojfy;/^^)). Continuing this process, since max^^^ l|w(-,t)||i < 00 , after a 



finite number of steps we shall get that «n(-,f) — ^ u(-, f) as n — > 00 in C([— <"]; H^). 

The continuous dependence of a /f^-solution of the problem (1.2.1), (1. 2. 2) on its 
initial data can be proved on the complete analogy of this construction. 

Since P, E, M are obviously continuously differentiable functionals on the space 
and since the direct verification shows the independence of t of the quantities 
P{u{-,t)),E{u{-,t)) and M{u{-,t)) for an arbitrary PCsolution u{-,t) of the problem 
(1. 2.1), (1.2. 2) {I > 3), according to the above arguments these quantities are also 
independent of t if u(-,t) is a P^-solution of this problem. 

Finally, under the assumption (f2) using inequality (1.1.15), we get 



J P(|u(r)|^)dx < Celwl* + C'7|wl2^ ^^|ms |2 
— 00 



where 0 < ^ — 1 < 2, hence, if uq £ H^, then, since E{u{-,t)) = P(u(-,0)) and 
|u(-,f)l 2 = |u(-, 0)|2 for any t, there exists C" > 0 such that |Ma,(-, t )|2 < C' for all < £ P 
from the interval of the existence of the corresponding solution u[-,t) of the problem 
(1.2.1), (1. 2. 2). Therefore, this solution is global, and Theorem 1.2.4 is proved. □ 



Remark 1.2.6 With the proof of Theorem 1.2.4 we in fact have shown for a suf- 
ficiently smooth function / the existence of Ifhsolutions (where I = 2,3,4,...) of 
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equation (1.2.4) if uq € H‘. 

Now we consider a result on the existence of solutions for the NLSE in classes of 
functions non vanishing as |a:| ^ oo. First of all, it should be noted that the Cauchy 
problem for the linear one- dimensional NLSE with / = 0 and iV = 1 is ill-posed in 
the space C(R). Indeed, this follows from the fact that the function \/ 7 ^e~ 

y Tq ~t 

with an arbitrary to > 0 for each t E [0,to) belongs to C{R) as a function of the 
argument x E R and satisfies our linear NLSE because this function is unbounded 
in any left half-neighborhood of the point t = to (this example is taken from [80]). 
We shall show the well-posedness of the problem (1.2.1), (1.2. 2) in the spaces X* (i. e. 
when for initial data Uq additional conditions of the regularity are assumed). 

It is known that the operator acts in the spaces L 2 and fc = 1, 2, 3, ..., 
as the following integral operator: 

CC 

Gt(f> = j K{x - y,t)4>{y)dy (f 0), Go<l) = 

— OO 

where for t 0 K{x,t) = (47rzt)“2 exp(J|^) (here the root lies in the first 

quadrant Rez > 0, Imz > 0 if t > 0 and in the fourth quadrant Rex > 0, Iiru: < 0 
if t < 0). Of course, the function K{x,t) is the fundamental solution of the operator 
^ We also set g{u) — /(|up)M. In this way the integral equation (1.2.4) 

formally can be written as follows: 

t 

u{x,t) = GtUoAi j Gt_sff(w(-,s))ds. (1.2.7) 

0 

We begin with the following statement. 



Proposition 1.2.7 For any k = 1,2, 3, ... the operators Gt considered on X* satisfy 
the following properties: 

(Gl) for any hounded interval I C R the family of operators Gt '■ » X* is 

uniformly bounded with respect to t E I\ 

(G2) for any (f> G X^ the function Gt<j> : I —>■ X*' is continuous and limGti = d> 

t-tO 

in the sense of the space X*. 

Proof. Let t ^ 0. Consider (j> E X* and 



P 00 

Gt(f> = {TTi)~^ { J (j){x + 2Viz)dz + J e'‘^<^{x + 2\/iz)dz + J (f>{x + 2Viz)dz} = 



— (tt?) -j- /2 -b / s}. 



( 1 . 2 . 8 ) 
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where /? > 0 is arbitrary (in what follows, we prove that the improper integrals here 
are converging). We have 



|/il< 



lira \ie' 

>— ^+CO ^ 



^(j>{x — 2\/ts) 



1 S=Q 



,82 



+ 



+- lim 

Z Of— ♦■+CX5 






is f — 2\/ts) <j){x — 2y/ts) 



+ 



2s I 



-}tis 



< 



- 2/3 



< Ci/3 ^\<f>\c + \/i lim / 

Of— ++00 J 



\4>'{x -I- z)\ 



dz < 



By analogy, 

Thus, by (I.2.8)-(I.2.10) 



-2a<yi 

<c^r^\<j>\c + c2r'^t^<i>'\2. 
\h\<Csr^\4>\c+c,r^t^d>'\2. 
\Gt<l>\c<Cs\m\\k 



for all t £ I. 

Further, since for </> € C^{R), we get 



A 

dx 



[Gt<l>] = Gt<!>' 



(1.2.9) 

( 1 . 2 . 10 ) 



and, since the operator Gt '. —>■ is unitary, for any cj) £ and a finite interval 

I £ R we have 

and the statement (Gl) follows. 

Concerning (G2), we only prove that Gt<f> (j) as t 0 m because the other 
part of this statement can be proved by analogy. Fix an arbitrary e > 0. According 
to (1.2. 9), (1.2. 10), there exists /3 > 0 such that for all t ; |<j < 1 the following two 
inequalities take place: 






3{k + l) 



and 



p 

|(i7r)-j j e- 

-0 



dx — 1| < 



3(A: -b 1) 



( 1 . 2 . 11 ) 



1 ^ 

(the last one is valid because (i7r)“2 J dx = 1). 



— OO 
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Then; the function ^{x + ‘Isftz) converges to 4>{x) as t — s- 0 uniformly with 
respect to ^ Therefore, there exists to > 0 such that if |t| < to, then 



|(i7r)-2 j e'’^4>{x + 2s/iz)dz - <!>{x)\ < (1.2.12) 

-P 

Further, by the strong continuity of the unitary group in the space L 2 

^ (1.2.13) 

for suflEiciently small t. By (I.2.11)-(I.2.13) |||(? 4 <^ — <f>\\\k < e for all sufficiently small 
t and Proposition 1.2.7 is proved. □ 



Proposition 1.2.8 Let N = \, g(u) be a complex-valued infinitely differentiable 
function of the complex argument u and I be an interval containing zero. Then, a 
function u(-,t) £ C{I\X^) H C^[I\X^) satisfies the problem 

3 3"^ 

i-^u -I -^u + g{u) — 0 , xeR,teI, (1.2.14) 

u{x, 0) = «o € X® (1.2.15) 

if and only ifu{x,Q) = Uo(a:) for any x € R and this function is a solution of equation 
(1.2.7). 

Proof. Let first a function w(-,t) € C{T,X^) satisfy equation (1.2.7). We shall 
show that it is a solution of the problem (1.2. 14), (1.2. 15). For this aim, we have to 
prove that this function satisfies equation (1.2.14). 

Clearly, g{u{-,t)) € C{I\ X®). Let us show that L\GtUo] = 0 for t ^ 0. We have 

00 

+ y)dy = a, (^) , 



where the right-hand side is continuous. 

Let us show the existence of ^[GtUo]. By setting 2 : = and accepting for 

the definiteness that t > 0 (the case < < 0 can be considered by analogy), we get 



GtUo = 




Uo(x + 2\/tz) + Uo(x — 2y/tz) 
-dz 



This relation yields formally 



dt 



[Giito] — 



(47ri)' 



00 

i/e‘ 



Ug[x + 2\ftz) — u'g[x — 2y/tz) 
_ 



dz. 




1.2. THE NONLINEAR SCHRODINGER EQUATION (NLSE) 

For c > 0 we have 
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i,u'o{x + 2y/tz) - u'a{x - 2-sftz) . + 2Vic) - Wo(a: - 2y^) , 

3 ;= az — —le ;= h 

y/i y/i 



+i / e' 



+ 2y/tz) + u'o{x — 2y/tz) 



where Uq{x) — > 0 as I*] oo and, consequently, the first term in the right-hand side 
of this equality tends to zero as c — » oo uniformly with respect to t from any bounded 
interval. Since due to estimates (I.2.8)-(I.2.10) the second term in the right-hand side 
is an improper integral which converges uniformly in t from any bounded interval not 
containing zero, for any f > 0 and x & R the derivative ^[GjUo] is determined and 



OO 

-[G<Wq] = j(47ri)~5 j ( 



,Uq(x -|- 2y/tz) -f Uq[x — 2y/tz) 



CO 

- j e'^^^Uo(y)dy = i-^[GtUo] 

— OO 

so that indeed L[GtUo] = 0 for f > 0. As we noted earlier, the proof of this relation 
for f < 0 can be made by analogy. 

If t = 0, then obviously ^[G(Uq] = Uq. Further, due to the above arguments 
■§l[GiUo] = iGiUg and therefore there exists lim^[G«uo] = iu^. Hence, there exists 

4[GjMo]| = i[C?«uo] = 0. These arguments also imply that 



^yj Gt-s(giu{-,s)))ds i = -g{u{x,t)). 



Thus, our first statement that any X^-solution of equation (1-2.7) satisfies the problem 
(1. 2. 14), (1.2. 15) is proved. 

Now we prove that any A^-solution of the problem (1. 2. 14), (1. 2. 15) satisfies 
equation (1.2.7). In view of the above arguments, it suffices to prove that the linear 
homogeneous problem 

Lu = 0, X £ R, t £ I, 

m(x, 0) = 0 

has only the trivial solution ti = 0 from C{I;X^). Let us suppose that u{x,t) is a 
X®-solution of this problem in the interval of time J. Simple calculations show that 



OO 

J |u4x,f)| 



^dx = 0 




36 CHAPTER 1. EVOLUTIONARY EQUATIONS. RESULTS ON EXISTENCE 



for all t £ I. Therefore, the function u{x,t) is constant in x for any fixed t. But then, 
in view of the equation, u{x,t) = 0. Thus, Proposition 1.2.6 is proved. □ 

Now we accept the following definition natural in view of Proposition 1.2.8. 

Definition 1.2.9 Let N = 1, k = 1 or k = 2, g{u) be a complex-valued contin- 
uous function of the complex argument u and I be an interval containing zero. We 
call a solution u(-,t) £ C{T,X'‘) of equation (1.2.7) a generalized solution (or a X'‘- 
solution) of the problem (1.2. If), (L2. 15). 

Our result on the existence for the NLSE in classes of functions nonvanishing 
as ja;| —> oo is the following. 

Theorem 1.2.10 Let k >1 be integer and g(-) be a complex-valued {k + 1) times 

continuously differentiable function of the complex argument. Then, for any Uo £ X’^ 

there exist T > 0, depending only on |||uo||ji, and a unique X^-solution u{-,t) of the 

problem (1.2. If), (1.2.15) defined in the interval of time {—T,T). Further, there exist 

Tf, Tf > Q such that this solution can be continued on the interval {—Tf, Tj ) and T* = 

oo (resp. Tf = oo) if limsup |||«(-,f)|||it < +oo (resp. t/limsup |||u(-,t)|||i < +ooj. 
t-+-Tj*+0 

This solution continuously depends on wo G X^ in the sense that for anyT^ £ (0,Tf), 
T 2 € (0, T^) ^ sequence {«o”^}n=i, 2 , 3 ,... C X’’ the sequence of corresponding X^- 

solutions Un{-,t) of the problem (1.2. If), (1.2. 15) taken with uo = converges to 
u{-,t) in C'([— Ti, Tz]; as n 00 . 

Proof here repeats the proof of the Theorem 1.2.4. □ 



1.3 On the blowing up of solutions 

The phenomenon indicated in the title is known for the NLSE and unknown for the 
KdVE. It consists in the property of a solution to be unbounded (in a functional 
space, of course) in a bounded interval of time. It was discovered long time ago. 
Evidently, one of the first mathematical results in this direction for the NLSE was 
presented in the paper [38]. Here, we only touch upon this subject. We restrict our 
attention to the case /(|m|^) = |wp. Also, we do not present complete proofs but 
carry out only a formal technique. 

Let y = J |a;P|«P(ix and z = Im f ruu^dx where r — |a;|. We consider 

UN RN 

-solutions of the NLSE. If w is a solution of the NLSE (1.2.1), then one formally 
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-. = -2|V«l^ + ^^/l.r.., (L2.16) 

Identities (1.2.16) imply: 

= P^i^\yu\l - pNE{uo). (1.2.17) 

Furthermore, the inequality 

l' 

|xl>|"da; I lVu|2 (1.2.18) 

is valid. If E{uo) < 0, p > ^ and x(0) > 0, then by (1.2.16) and (1.2.17) y is a 
decreasing positive function, hence we obtain from (1. 2. 17), (1. 2. 18): 

~z > P^i^[y{Q)]-^z^ - pNEiuo). (1.2.19) 

Thus, by simple arguments there exists T > 0 such that z -* +oo as t — > T — 0. By 
(1.2.17) we also have lim IVmU = +oo. 

' ' t-*T-0 

So, we have shown the blow up of a solution u{x, t) of the NLSE with /(|wP) = 
|up if E{u{0)) < 0, «(0) > 0 and p > 

1.4 Additional remarks 

The results on the well-posedness of the Cauchy problem for the KdVE and NLSE 
considered in this chapter are far from being complete. Our approach to proving 
Theorem 1.1.3 is close to the method from [29] (see also [51]). In [44] T. Kato, using 
the method of semigroups of operators, besides other results, has proved the well- 
posedness for Uo € jff'’, local for s > | and global for s > 2, of the Cauchy problem 
for the KdVE under suitable assumptions on /. In [46] for the standard KdVE with 
f{u) = u the well-posedness in local for s > | and global for s > 1, is proved. In 
[29,44,51] some smoothness properties of solutions are also investigated. In the papers 
[64] and [49], the Cauchy problem for the (integrable) KdVE with /(u) = u is studied 
when initial data Uq are nonvanishing as |a:| — > oo. The problem of the existence of an 
infinite sequence of conservation laws for the integrable KdVE (see Theorem 1.1.5) is 
investigated in many papers (see, for example, [50,94]); in [50] it is proved that these 
quantities have the form indicated in the formulation of this theorem. In addition, an 
interesting result is obtained by A. Cohen and T. Kappeler in [26] who proved that 
the KdVE with /(m) = u and with zero initial data Mo(r) = 0 has a (7°°- solution 
which is not identically equal to zero. 
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Concerning the NLSE, the proof of Theorem 1.2.4 in its general form is contained 
in the paper [45]. For this equation, there are a lot of investigations of the well- 
posedness of the Cauchy problem with initial data uq from or more smooth (see, 
for example, [33,37,69,70,79,88]). With Theorem 1.2.4 we have proved one of the 
simplest results on the existence of //^-solutions (we recall that we considered only 
the one-dimensional case). Proposition 1.2.7 and Theorem 1.2.10 are first proved in 
[102]. We also especially mention the important result of Y. Tsutsumi [91] stating for 
/(s) = with some p € (0, ^) the well-posedness of the Cauchy problem for the 
NLSE (1.2.1), (1. 2. 2) with initial data from L 2 . 

For the equations under consideration with non-smooth initial data, there is 
an essential difference between investigations of the well-posedness of the problem 
periodic in x (with W = 1 for the NLSE) and the problem with initial data vanishing 
as |a;| — + 00 . Having no possibility to review the whole literature devoted to the 
periodic problem, we mention the paper by J. Bourgain [16] (see also [17]) where the 
existence and uniqueness of L 2 "Solutions periodic in x are proved for the usual (with 
f{u) = u) KdVE and for the NLSE with superlinear nonlinearities like f{s) = |s|p. 

As for the phenomenon of the blow up of solutions, it is known for the NLSE but 
is unknown for the KdVE. Above we have considered one of the simplest results on 
this subject and followed the paper [38]. Although we have presented only a formal 
technique as in [38], this result is justified rigorously (see, for example, [90] and, also, 
[69,70]). For /(s) = with p = ^, it is proved in the paper [90] that there exist 
blowing up solutions, too. 




Chapter 2 

Stationary problems 



As we have alrea/iy noted in the Introduction, the substitution of the general repre- 
sentation for standing waves u{x, t) = w £ i?, into the NLSE leads to the 

stationary equation 

A4> - ^ 0, (f> = (j>ix). (II.0.1) 

Here ^ is a real-valued function. We also consider a generalization of this equation, 

A<i>-u;4 + f{x,<j>^)<i> = 0, x£R^, (II.0.2) 

and supply equations (IJ.0.1) and (II.0.2) with some conditions on the infinity for 
their solutions. Usually we suppose that solutions (j>{x) vanish as 1®| — + oo, i. e. 

The problem of finding solitary waves for the KdVE under natural assumptions on 
the behavior of these solutions as ]x) — » oo can be reduced to equation (II. 0.1) with 
N = I, too. Along with the problems (II.0.1),(II.0.3) and (II.0.2),(II.0.3) we also 
consider the following similar problem: 

A(f> — + f{x, = 0, X € n, (^ = <j>{x), (II.0.4) 

•Alan = (II-0-5) 

where fi C is now a bounded domain with a sufficiently smooth boundary. 

Suppose that iV > 3 and f{x,<p) = k{x)\^\^~^, P > li where k{x) is a C^- 
function and k{x) > 0 in fi. It is known that if p G (l, and w > 0, then 
the problem (II.0.4),(II.0.6) has a solution positive in fl and an infinite sequence of 
pairwise different solutions. If / = P > w > 0 and the domain is 

starshaped, then, as it is proved in [74], this problem has no nontrivial solutions. 
By analogy, as it will be shown further (see Example II. 0.1 and Section 2 of this 
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chapter), the problem (II. 0.1), (II. 0.3) with N >3, f{(f>^) = P > I, and w > 0 
has nontrivial solutions if and only if p < The exponent p* = is called 

critical in the literature. Respectively, the nonlinearity (or f{x,(jA)(j)) satis- 
fying the condition lim f(<iP) = -foo is called subcritical if lim = 0 and 

supercritical if lim — _j-oo. Roughly speaJdng, the problem (II.0.4),(II.0.5) 

|,^|->00 |,^| N -2 

(or (II.0.1),(II.0.3)) with w > 0 and a subcritical function /(•) has a positive solution 
and an infinite sequence of pairwise different (resp. radial i. e. depending only on 
r = |a:|) solutions (on this subject see, for example, [1,77,78] and Theorem II. 2.1). 
Problems with superlinear nonlinearities /(•) have been intensively handled, too, and 
there have been obtained many interesting and important results in this direction. 
However, in the present book we shall not deal with supercritical nonlinearities. 

In the literature, there are a lot of investigations of the existence of radial so- 
lutions of the problem (II.0.1),(II.0.3) that we shall deal with. As for the non-radial 
problem (II.0.2),(II.0.3), we mention here the papers [57,58] among publications de- 
voted to it. We illustrate some specific features of this problem with the following 
simple example taken from [99]. 



Example II. 0.1 Let — A:(a;i)|<;6p“^, N > 3, w > 0 and p > 1, where 

k{-) is a <7^-function, k'{xi) > 0 for all xi G R, the derivative fc'(a;i) sufficiently 
rapidly tends to zero as |a:i| — » oo and 0 < Ci < k(xj,) < C 2 < +00 for some positive 
constants Ci and C 2 independent of xi € R. We recall that, as it is already mentioned 
above, under similar assumptions the problem (II. 0.4), (II. 0.5) in a bounded domain 
with p < has nontrivial solutions. Here we show that the problem (II.0.2),(II.0.3) 
has no nontrivial solutions. Let <f>{x) be a solution of this problem. Using, for example, 
the maximum principle, one can easily get the estimate 



N 



A:=l 



d(j>{x) 

dxk 



+ |A9S(a;)| < 



(II.0.6) 



with some positive constants C3 and C4 independent of a: € R^ ■ Multiplying equa- 
tion (II.0.2) by and integrating the obtained equality over R^ with the use of 
integration by parts, we get 

/ k' [xi)\(f){x)f^^dx = 0. 

Rif 

Hence, since k'{xi) > 0, we have (j>{x) = 0. 



So, we shall usually look for radial solutions of the problem (II.0.1),(II.0.3). In 
this connection, the important results by B. Gidas, Ni Wei-Ming and L. Nirenberg 
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[34,35] should be mentioned: these authors have proved that an arbitrary positive 
solution of the problem (II. 0.4), (II. 0.5) in a ball with a function f independent of x 
and of the problem (II. 0.1), (II. 0.3) under assumptions of general type is radial. As it 
is shown in the above papers, for solutions with alternating sign this is not so. Now 
we also present (without a proof) the result by H. Berestycki and P.L. Lions from 
[9] on the existence of radial solutions of a problem similar to (II. 0.1), (II. 0.3) under 
assumptions of a very general kind. 



Theorem II. 0.2 Let ff(-) E [J (7((— n,n); R) be odd, N > 3 and let 

71 = 1 

(a) 0 < liminf < limsup^^ < +oo; 

(b) liminf > 0 where again p* = 

|u|-»+oo “ 



(c) there exist rj E (0, +oo) such that G{ti) > 0, where G{<j>) 
Then, the problem 



-2fg(s)ds. 

0 



Ad> = g(u), u = u(lxl), xER^, = 0 



has a countable set of pairwise different radial solutions and a positive radial solution. 
In this chapter, we shall prove this Theorem in several particular cases and study the 
qualitative behavior of solutions. 

Now, we also establish the Pohozaev identity for the problem (II. 0.1), (II. 0.3) 
taken in the same form as in [87]; 



[N- 



2) f \V(f>\^dx = -{N -2) I 4>g{4>)dx = N ( G{(j>)dx. 

R>^ RK R!^ 



<t> 

where g{(j)) — — f{<j>^)4> and G{f>) = —2 f g{s)ds. A similar equality was also 

0 

obtained in [74] for the problem (II.0.4),(II.0.5) in the case when the domain H is 
bounded and the function / is independent of x. Of course, in our case of the 
problem (II. 0.1), (II. 0.3) one needs additional assumptions on the function /(<^^) in 
the equation. For example, w > 0 and /(^^) = P > 1, are sufficient. To get 

the above equality in this case, taking into account (II.0.6) one may, first, multiply 
equation (II. 0.1) by <j) with the further integration of the result over R^ and, second, 
multiply the same equation by x,- , sum over i = 1, 2, ..., and integrate the result 
over R^ with the use of integration by parts. 

The Pohozaev identity in particular yields that the problem (II.0.1),(II.0.3) has 
only the trivial solution ^(x) = 0 if the function NG{(j>) + {N — 2)(f>g{cl>) does not 
change the sign. This is valid, for example, for w > 0 and with 

P>^(iV>3). 
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2.1 Existence of solutions. An ODE approach 

At first, we consider solitary waves for the KdVE and for the NLSE with iV = 1. The 
substitution u[x, t) = <j){x — ct), c ^ R, into the KdVE leads to the equation 

Assuming that ^(±oo) = a±, where «+ and a_ are constants, and that ^"(±oo) = 0, 
we come to the following equation; 

-w<j> + 7{<l>) + f = a (II.l.l) 

4 > 

with a = — wa_ and f{4>) = f f{s)ds. It is clear that the substitution of the general 

a— 

representation for solitary waves into the NLSE leads to a similar equation. Of course, 
equation (II.l.l) can be solved by quadratures. However, it is simpler to make a 
qualitative analysis we consider here. 

First of all, we note that if / is a continuously differentiable function and a 

solution of this equation is bounded on a half-interval [a, &), where a < b, then it can 

be continued onto a right half-neighborhood of the point b. Indeed, if a solution <f> 

of equation (II.l.l) is bounded, then it follows from this equation that the second 

derivative is bounded, too, therefore the first derivative of this solution 

b b 

is also bounded. Setting = <^(a) -f- / 4>'{x)dx and = 4>'{o) •+ / <j}"{x)dx and 

a a 

considering the Cauchy problem for equation (II.l.l) with the initial data (j){b) = 
(j>o, <i>'{b) = <f>Q, we immediately get our statement. In this section, we apply implicitly 

similar reasoning several times not specifying this in each case. 



Let f\(<i>) = — o and Fi(<^) = / fi[p)dp. Then, the equality 

a— 

{l{4>r+m)y=o (n.1.2) 

follows from (II.l.l). Suppose that a_ = a+ = o, Fi(b) = 0, fi{b) > 0 for some b > a 
and Fi{<l>) < 0 if 6 (u,6)- Let us prove that if these assumptions are valid, then 
equation (II.l.l) has a solution satisfying the conditions ^(±oo) = a. Indeed, we take 
an arbitrary point xo € R and the following initial data for equation (II.l.l): 

(f>{xo) = b, 4>ixo) = 0. 

Then, by (1.1.1) <^"{xo) < 0, thus <f>'{x) < 0 in a right half-neighborhood of the point 
Xq. There cannot exist a point x > xq such that <j>{x) = a because otherwise the 
function E = \W{x)Y Fi{4>{^)) (which we call the energy) must be positive at 
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the point x and, hence, non-equal to itself at xq {<i>'{x) ^ 0 for this point x by the 
uniqueness theorem because </> = a is a solution of the equation). Further, cj>'{x) ^ 0 
for any x > xq such that ^[x) e (a, b) because otherwise there is no conservation of 
the energy E. Hence cl>{x) G (a, b) for all x > xq . The above facts easily imply, in 
particular, that the solution ^ is global, i. e. it can be continued onto the whole half- 
line X > Xq. Also, in view of the above arguments, the graph of the function </> has a 
horizontal asymptote as x — > -foo. A simple corollary of the above considerations is 
that <l>{+oo) = a. By analogy, </>(— oo) = a, ^(x) G (a, b) for all x and (j>'{x) > 0 from 
the left of the point xq. It can be easily proved that if f[{a) = /(a) — w < 0, then 

|?i(x) - a| -H,^'(x)| < 

for some positive constants Ci and C 2 . Thus, in this case <j> — a € H^. 

By the complete analogy, if in equation (II.l.l) /i(«) = 0 and Fi{4>) < 0 from 
the right of a, then equation (II.l.l) possesses a solution (f> tending to a as x -(-00 
(or as X ^ ~oo)) continuable on a half-line x > d (resp. x < d) and decreasing 
(resp., increasing) on [d, + 00 ) (resp., on (— 00 , d)). If in addition /i(ai) = Fi(ui) = 0 
for some a% > a and < 0 for € («,ai), then it can be proved as above that 

this solution 4>{x) is monotone on the entire real line and is such that (j)(+oo) = 
a, <j){—oo) = Oi (or conversely 4>{—oo) = a, ^(-|-oo) = Oi). If there is no point 
ai > a such that Fi{at) = 0 and consequently Fi{(l>) < 0 for </> > a, then <f>'{x) < 0 
(resp. <^'(x) > 0) in all points where this solution exists and there is no finite limit 
lim <l>{x) (resp. lim <j>{x)). Indeed, the first claim follows from (II.1.2) and the 

2--H---00 *-+00 

second is valid since if, for example, lim ^(x) = > a, then due to (II. 1.2) it should 

X — 00 

be i^i(ai) = 0 that is a contradiction. K the above point ai > a satisfying Fi(ai) = 0 
and i^i(<^) < 0 for G (u, Ui) exists, then two cases are possible: if /i(ai) = 0, then, 
as above, <p'{x) < 0 (resp. ^'(x) > 0) for all x G i? and lim <^(x) = Oi (resp. 

X— »• — 00 

lim ^(x) = Oi); if /i(ai) > 0, then we get the above solution ^(x) tending to a 

X— >+00 

as |x| — » 00 and possessing precisely one point of maximum (since /i(ai) = F\'(ai), 
always /i(<ii) > 0). 

An observation important for us following from the above arguments is that 
equation (II.l.l) can have bounded solutions possessing limits as x — > ±00 of only 
two types. These are monotone solutions and solutions with precisely one point 
of extremum. We shall call the corresponding solitary waves kinks and soliton-like 
solutions, respectively. 

Let us prove that the above- constructed solution <j> = x) satisfying equation 
(II.l.l) and the conditions ^(w, ± 00 ) = a, ^(w,x) > o for x G i? and ^^(cu, xq) = 
0 is continuously differentiable as a function of the argument w for an arbitrary 
X G jR (in view of the invariance of the equation with respect to translations in 
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X, one cannot state the differentiability with respect to w of an arbitrary family of 
solutions depending on the parameter u>). It is sufficient to prove that the parameter 
b introduced above is locally continuously differentiable as a function of w € (wq — 
6, Wo + b) for some 5 > 0. But this follows from the implicit function theorem because 
6 is a solution of the algebraic equation Fi{u}, b) — 0, where 

Ugb — a ^ 0, and, thus, the continuous differentiability of the solution with 

respect to w is proved. Everywhere by we denote the above function with a fixed 
point xq. 

Let a = 0, /(O) — wq < 0 and there exist b > 0 such that Fi{b) = 0, fi(b) = 
f{b) — uob > 0 and Fi{<f>) < 0 for 6 (0, b). Then, using the above methods, one can 
easily prove that and 

oo / oo 

= 2 y (t>{uJo,x)cj)l{u}o,x)dx I here P{4>) = j <f>'^{uj,x)dx 

— OO \ — OO 




K fi'f) = 4'' V > 0, then soliton-like solutions of the KdVE vanishing as 
±CX5 are well known. They form the following one-parameter family 



' = < sech 



Au 



{x- 



2AH 



f) 



+ l){i/ + 2)) ^ + 1)(*^ + 2)'^J 



(II.1.3) 



where sech( 2 ) = A > 0 is a real parameter and w = ■ One can easily 

verify this formula. 

The above considerations show that the one-dimensional equation (II. 1.1) rele- 
vant to the problem of the existence of solitary waves for the KdVE and NLSE with 
IV = 1 is simple in a sense. Now, we begin to study the multi-dimensional case of the 
NLSE with N >2. In this and the next sections, we consider radial solutions of the 
problem (II. 0.1), (II. 0.3). After the substitution <!>{x) = j/(r), where r ~ |x|, equation 
(II. 0.1) takes the following form: 



y" A 



N-l 



y' = 9 {y)-, ?• > 0 , 



(II.1.4) 



where g{y) = toy — f{y^)y and the prime means the derivative in r. We supply this 
equation with initial data 



2 /( 0 ) = yoG R, 2 /'( 0 ) = 0 . 



(II.1.5) 



First we obtain a result on the local well-posedness of this problem in a neighbor- 
hood of the point r = 0. The class of solutions y{r) we admit consists of real-valued 
functions continuously differentiable in [0, a) and twice continuously differentiable in 
(0, a) where 0 < a < -|-oo. 
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Theorem II.l.l Let g(-) € y C^{(—n,n)-,R). Then, for any yo £ R there exists 

71=1 

a > 0 such that the problem (II. 1. 4), (II. 1.5) has a unique solution in [0,a). This 
solution continuously depends on yo in the sense that, if for some yo £ R the corre- 
sponding solution y{r) can be continued on a segment [0, b], b > 0, then solutions y{r) 
of the problem (II.l.l), (II. 1.2) for all yo from an interval {yo — b,yo + b), where S > 0, 
can be continued on [0, 6] and the map yo i — > y{r) is continuous from — 6,yo + 6) 
into C^([0, 6]; J?). 

Sketch of the proof. We shall consider only the case N > 3 because the case 
N = 2 can be studied by analogy. One can easily deduce by solving the equation that 
the linear problem with h £ C'([0,a);i?) 

r^~^ {r^~^w'Y = h{r), r > 0 , 
u;(0) =Wo £ R, u)'(O) = 0 

in a neighborhood of zero has at most one solution of the above- described class. 
Further, the direct verification shows that an arbitrary solution of the class C([0, a); R) 
of the nonlinear integral equation 

y(r) = yo + - 2)“^ y j^l - j sff(y(s))ds (r > 0), y(0) = j/o (II.1.6) 

0 

satisfies the Cauchy problem (11.1,4), (II. 1.5). Thus our Cauchy problem (II. 1.4), (II. 1.5) 
is equivalent to integral equation (II. 1.6). 

Let Ma = {u{r) £ C([0,a];i?) : w(0) = yo, |u(r) - yo| < 1, r £ [0,a]} where 
a > 0. Then, since for any a > 0 the kernel k{r,s) = {N — 2)“^ |^1 — (7)^”^! s 
of the integral in equation (II. 1.6) is a continuous and bounded function of (r, s) £ 
(0, a] X [0,a], one can easily get by standard methods that, for a sufficiently small 
a > 0, the operator from the right-hand side of (11.1.6) maps the set Ma into itself and 
is a contraction. Thus, it has a fixed point y{r) £ Ma. So, we have proved the unique 
local solvability of the problem (II.1.4),(II.1.5). The local continuous dependence of 
solutions of this problem on the parameter yo (in a sufficiently small neighborhood 
of zero) follows from equation (II. 1.6) by standard methods based on the Gronwell’s 
lemma. After that the global continuous dependence is a corollary of the regularity 
of equation (II.1.4) from outside of any neighborhood of zero.Q 

Here we shall illustrate with a model example the ODE approach, i. e. the 
approach this section is devoted to. We shall prove the following. 



Theorem II. 1.2 Let g be a continuously differentiable function, </(o-i) = y(0) = 
y(«i) = y(ffl2) = 0 for some a_i < 0 < oj < 02 , g{y) > 0 if y £ (a_2, a_i) (J(0, aj) 
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for some <x_2 < a-i, g{y) < 0 if y G (a_i,0) lj(ai, 02) and G(a_2) > 0(02) > 0 

5 

where G{s) = —2 f g{r)dr. Then for any I = 0 , 1 , 2 , 3 ,... the problem (II, 1 .^), (II. 1 . 5 ) 
0 

has a solution continuable on the half-line r > 0, tending to zero as x ^ +00 and 
possessing precisely I roots in the half-line (0,oo). 

Our Proof of this theorem consists of two steps. At the first step we show that 
the Cauchy problem (II. 1 . 4 ), (II. 1 . 5 ) has solutions, for which yo £ (01,02), with an 
arbitrary large number of roots in the half-line r > 0 . At the second step, we take for 
yo the greatest lower bound of its values from (01,02) for each of which the solution 
of the Cauchy problem (II. 1 . 4 ), (II. 1 . 5 ) has no less than (/ -(- 1) roots, where 1 > 0 is 
integer. We show that the corresponding solution of the Cauchy problem has exactly 
I roots and tends to zero as r — > -foo. 

Let us sketch the first part of the proof. With this we follow the paper [ 98 ]. 
Take an arbitrary integer I > 0 . For an arbitrary solution y{r) of the problem 
(II. 1 . 4 ), (II. 1 . 5 ) the following identity takes place: 

+ G{y)Y = - ^) y'\ 

Hence, since G{y) < G{a2) < G(n-2) for y G (0,a2) and the function [j/'(?')]^ + G(j/(»')) 
of the argument r > 0 is nonincreasing, for any yo £ (01,02) the solution y(r) of the 
problem (II. 1 . 4 ),(II. 1 . 5 ) satisfies the estimate 



a-2 < y{r) <02, r > 0, 



(II. 1 . 8 ) 



and correspondingly it can be continued on the entire half-line r > 0 . In addition, 
clearly due to (II. 1 . 7 ) there exists Cu > 0 such that 



ly'(r)| < Co, r> 0, 



(II. 1 . 9 ) 



for any of these solutions. We call the function E{r) = (y'(r))^ -f G{y{r)) the energy 
of a solution y{r). 

Since y{r) = 02 is a solution of equation (II. 1 . 4 ), taking yo from the interval 
(01,02) sufficiently close to 02, we get by the theorem on continuous dependence that 
there exist yo £ (01,02) and a sufficiently large tq > 0 such that 

G(y(ro)) > - ^^°(”^~”-^)(^ + 2 )(-'^-l) (H.l.lO) 

^0 

and y{r) G (01,02) for all r € [ 0 , roj. Let n and T2 be two points such that y'(r) 7^ 0 
for r £ (ri,T2). Then, it follows from (II. 1 . 8 ), (II. 1 . 9 ) that 

’•2 



2{N -l)j 



y'{fY 



dr < 



2 (IV — l)Co(o2 — 0-2) 
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Now, let y{r) be a solution of the Cauchy problem (11.1.4), (II.l. 5) satisfying (II. 1.10) 
and let ri be the root of y'{r) on the right of Vq nearest to tq or rj = +oo if there 
are no roots of y'(r) on the right of tq. Then, according to the latter inequality and 
inequality (II. 1.10), we have: 

> 2Co(a2 - a-2)(l + 1)(N - 1) 

If ri = +00, then our solution is monotone for r > ro. Therefore, its graph has 
an asymptote y = c G (a_2,a2)- Since f(y) = 0 in the interval (a- 2 , 02 ) only if 
y = a_i, 0, aj, one has that c is equal to one of these three numbers. But this 
contradicts the positiveness of the energy for all r > Tq because G(a_i), G(0), G{ai) < 
0. Therefore, there exists a root ri > ro of y‘{r). We assume that ri > tq is the root of 
y'{r) nearest to Tq. Since £(rj) > 0 and due to the maximum principle (any solution 
can have only a point of maximum in the domain (a_i, 0) (J(ai, 02) and only a point 
of minimum in the domain (a_2,a_i)|J(0, ci)), we have t/(ri) G (a_2,a_i). Hence, 
our solution y has a root greater than tq. Repeating these arguments (i. e. changing 
ro by rj and so on), we get that our solution y{r) has no less than {I + 1) roots on 
the right of ro, and the first part of Theorem II. 1.2 is proved. 

Now, we turn to the second part of our proving. In this part of the proof, we 
follow the paper [110]. First of all, we make two remarks. First, since as it was noted 
earlier, if y{ro) = 0 for a solution y(r) of the problem (II. 1.4), (II. 1.5) and a point 
ro > 0, then y'(^o) 7^ 0, we have that roots of an arbitrary solution of our problem are 
isolated. Second, we show that between any two nearest roots of a nontrivial solution 
y{r) with i/(0) € («i, 02) lies a unique point of extremum of this solution. Indeed, let 
ri < V 2 be two nearest positive roots of a solution y{r). Let also for the definiteness 
y{r) > 0 between rj and r2. Then, y'(ri) > 0, hence there exists r G (ri, T2) such that 
y'{r) = 0 and y'{r) > 0 for all r G (ri,f). Then, by (II. 1.7) y(r) G (ai,a2) (otherwise 
E{f) < 0). Therefore, y"(f) < 0, hence y'(r) < 0 in a right half-neighborhood of f. 
Suppose the existence of r G (r, r2) such that y'(f) = 0 and y'(r) < 0 for r G (r,f). 
Then, according to equation (II.1.4) y(r) G (0,aij because if y(r) G (01,02), then 
y"(f) < 0 which contradicts the facts that y'(r) < 0 in a left half-neighborhood of f 
and that y'(f) = 0. But then E{r) < 0, and we get a contradiction because E{r 2 ) > 0 
where T2 > r. So, our second claim is proved. 

Let us take an arbitrary integer I > 0, let 

Yt = {yo G (0,02) : y(r) has no less than {I + 1) roots} 

and fo = infy). By y we denote the solution of the problem (II,1.4),(II.1.5) with 
Vo ~ Vo- First, yg > 0 because due to (II.1.7) a solution y(r) does not have roots if 
yo G (0,aij since G{yo) < 0 and consequently E{0) < 0 for these values of yo. Let 
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{yj*} be a sequence from Yi converging to fg. Now we want to prove that the small- 
est I roots r™ < ... < rp of the solution y™ of the Cauchy problem (II.1.4),(II.1.5) 
taken with yo = y™ are bounded uniformly with respect to m = 1,2,3,.... Let 
< ... < be the smallest points of extremum of y’^. Then, as it is proved 
above, 0 = < ... < rf* < 

Lemma II. 1.3 There exist constants a,b>0 such that 
K-i-rT\<a + b{r^^,)'2, - fT+J < a + (fc = l,...,/) 

for all m. 

Proof. We will prove only the second inequality because the first can be proved 
by analogy. Suppose for the definiteness that > 0. Let 

be such that y'^{z) — d where d is the point from the interval (01,02) for which 
G{d) = < 0. First, we prove that 

|^2/'"(r)|>C(fT+i)-^ (ILl.ll) 

for all r £ where C > 0 is independent of m. We have G(?/”'(f^i)) > 0; 

therefore, by (II.1.7) for any r £ (z,zi) one has 0 < Ci < |y’"'(r)| < Co for some Ci 
independent of m where zi £ (z,r%.i) is such that y’”(zi) £ (01,02) and G(y"'(zi)) = 
(of course, z and zi depend on m but we omit this index for the simplicity of 
the notation). Hence 

rm 

y''(r)>2(7V-l) j ^dr>C 2 (r-J-i 

Z 

if r £ (r^, /-). Thus, (ILl.ll) holds. Finally, by (II.1.4) we have ■^y'^ir) < -C3 < 0 
for all r £ (rj^,f^+i) such that j/'"(r) > d. In view of this fact and (II.l.ll) we get 

kr-rr+il<a + 6(fT+i)^ 

and Lemma II. 1.3 is proved. □ 

Summing the inequalities from the statement of Lemma II.1.3, we obtain 
F)Ti<Ci(rr+i)^+C2. 

Hence, {r)!J.i}m=i,2,3,... is a bounded sequence. By the estimate (II.1.9) and since the 
values of the functions j/"* at their first I + 1 points of extremum lie from the outside 
of the interval (a_i,oi), there exists a constant C > 0 such that 



K-rT-i\>C, k = l,2,...,l, m= 1,2,3,.... 
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Thus, the function y has no less than I roots. At the same time, the theorem on the 
continuous dependence of solutions on the parameter j/o and the fact that y'{ro) ^ 0 
if y{ro) — 0 imply in view of the definition of y^ that the function y cannot have more 
than I roots. 

Let us prove that lim y{r) = 0. Suppose this is not the case. Then, either 

r —¥00 

the solution y is monotone for sufficiently large r or it has a sequence of extrema 
Zn — > + 00 . In the first case, the graph of this function has an asymptote which 
can be only y — a_i or y = cj. Hence, the energy E(r) of the solution y{r) is 
negative for sufficiently large values of the argument r. In the second case, since the 
number of roots of the solution y is equal to I, it should have extrema in the domain 
y G (a_i, 0) U(0, ai). Thus, in this case the energy E(r) is negative for sufficiently 
large values of r, too. But the negativeness of the energy implies, by the theorem on 
continuous dependence of solutions of the problem (II.1.4),(II.1.5) on the parameter 
yo, that for sufficiently large values m solutions y™ cannot have more than I roots. This 
contradiction implies that lim y{r) = 0, and Theorem II. 1.3 is completely proved. □ 

r— *oo 

2.2 Existence of solutions. A variational method 

In this section we shall consider an application of variational methods to proving the 
existence of radial solutions of the problem (II. 0.1), (II. 0.3). We restrict our attention 
to the case /(^^) = p > 1. So, we consider the problem 

N<^ = u>4,- X e (II.2.1) 

= 0. (II.2.2) 

Our result on the existence is the following. 

Theorem II. 2.1 Let w > 0, N > 3 be integer, and p E (Ij^^f). Then, the 
problem (IL2.1),(II.2.2) has a positive radial solution and, for any I = 1,2,3,..., a 
radial solution u\ = ui(r), where r = |x|, with precisely I roots on the half-line r > 0. 
We note that a similar result takes place for the problem (II. 2.1), (II. 2. 2) with the 
j ight-hand side of the equation of a more general kind g{<f>) for functions in a 
sense similar to u<fi — \(f>\’’~^4>. 

Two results which we present below are used when proving Theorem II. 2.1. 

Theorem II. 2. 2 Let H be a real Hilbert space with a norm || ■ ||, J be a con- 
tinuously differentiable real-valued functional in H, and S — {h ^ H : ||A|| = 1}. 
Let 7'(') > 0 be a continuously differentiable function on S such that for any v € S 
~ functional J{v) = J(r{v)v) considered on S has a 

critical point Vq € S, then J'[h)\^_^^^ = 0. 
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Proof is clear. By conditions of the theorem 

< /'(r(«o)wo),t^o >= = 0. 

Further, consider an arbitrary continuously differentiable map 7 from (—1,1) into H 
such that 7 ( 5 ) e ^ for s e (—1, 1), 7 ( 0 ) = «o and j'(0) 0. Then, 

0 = £-^('1(-s))L=o =< ■^'(K«'o)uo),^K7(s))]l,^oVo + r(vo)7'(0) >= 

= r(«o) < J'(r(vo)vo),7'(0) > • 

The set of all vectors of the kind 7 ^(-s)| 3 _q is obviously the subspace L of the space H 
consisting of all vectors orthogonal to Vo, therefore < ,w >= 0 for any 

w £ L. Thus, < J'{r{vo)vo),w >— 0 for any w £ H.O 

Remark II.2.3 Theorem II. 2. 2 is a simplification, sufficient for our goals, of re- 
sults by S.I. Pohozaev from [75,76]. 

The second result we need is the following. 

Theorem II. 2.4 Let N > 3 and = {k £ : h = /i(|a;|)} he the subspace 

of with the scalar product and the norm of Then, the embedding of H} into 
Lq is compact for 2 < q < also, for an arbitrary h £ H} there exists a unique 
h £ Hi coinciding with h almost everywhere in and continuous everywhere except 
X = 0. In addition, ^(|a;|) — > 0 fls |a:j — > 00 . Thus, we can accept that each element 
of Hi is a function continuous at any point x ^ 0 and vanishing as |a;| — > 00. 

Sketch of the Proof. Clearly, the set (7^ of all radial functions from is dense 
in Hi. For any g £ C^,. 

00 

ll^lli.r = + ig'ir)f]dr 

0 

where the constant Dn > 0 depends only on N. Hence the space Hi is a completion 
of the linear space C^,. equipped with the norm l|-||i,r. Let h £ Hi and { 5 ,,}„=i, 2 , 3 ,... C 
(7“,. be a sequence converging to h ia Hi. Then obviously for any n > 0 there exists 

00 

h{r) = - lim / gl,is)ds (II.2.3) 

n— 00 j 
r 

and for any a, 6 : 0<a<6 >ooin H^{a,b)] in particular h[-) 

is continuous on the half-line r > 0. Further, since the sequence {s^n} 71=1,2,3,... is 
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converging in we have h = lim gn € H} and thus, as an element of the space H}, 

n—*oo 

h coincides with h, therefore A((x|) = ft((a;|) almost everywhere in . These facts 
and (II. 2. 3) easily imply that 

OO 

h{r) = — J h'{s)ds, r > 0, 

r 

hence h(+oo) — 0. Also, we obviously have 

2 ^ OO '^2 

(II.2.4) 

Let {/i„}„=i, 2 , 3 ,... C H} he a. bounded sequence of functions continuous in \ 
{0}. Each hn belongs to L, by the embedding of into T,. Fdrther, for r > 0 
by (II.2.4) max|h„(r)| < Ce{R) where C > 0 and t{R) are independent of n and 

t>R 

c{R) — > 0 as > +0O. Hence for ii > 0 

CO 

w>fl}) = DnJ r^-Mh„(r)|’dr < D^C^-h^-\R)\\hX,r- 

R 

Since here for an arbitrary given <5 > 0 the right-hand side is smaller than 6 for suffi- 
ciently large i? > 0 and al' n = 1, 2, 3, ..., the sequence {hn}n=i, 2 , 3 ,... is compact in Lq.O 

Remark II.2.5 Theorem II. 2. 4 is a particular case of embedding theorems of 
Sobolev spaces of functions with symmetries obtained by P.L. Lions in [56]. 

Now, we turn to proving Theorem 11.2.1. We consider the following spaces of 
functions: the space H^{a,b) of functions m(|®|) from Hj satisfying the condition 
u(|x|) = 0 as [rj < a or |x| > 6 (here 0 < o < 6) and the space H^{b) of functions 
from satisfying w(|x|) = 0 as |x| > b. Let H^{0,b) = H^{b) and H^{+oo) = 
Clearly u £ H} for any u £ H^{a,b). 

Consider the functional 

JW = J {i(|v^P + - :~\4>r^}dx. 

fiJV 

It is clear that J is continuously differentiable in Hi . 

Consider arbitrary a, 6: 0 < a < b < -|-oo. First, let us prove that the problem 

= |a;| € (a, 6) (jxj < 6 if a - 0), (II.2.5) 
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<j){a) — (j>{b) = 0 (to be interpreted as <^(b) = 0 if a = 0), (II. 2. 6) 

has a positive solution. We use Theorem II.2.2. Let S — {h G HJ: : ||/i||i = 1} 
and V G S(~]H^(a,b). Then, the conditions of Theorem II.2.2 r = r(v) > 0 and 
^ jmply for our casc 



-(u) = ^ 



f (|Vup + iuu^)dx 'J 

a <| a :|<6 

/ |w|p+^dx 

a<|xj<fc 



and, since ^J(rv) 



-=r(v) 



— 0, functions = r(v)v satisfy the identity 



j (|V?ip4-w«i^)dx= J \4>\^+'^dx. 

a<|«|<6 a<ja?|<6 

Obviously, r{y) is a smooth function of u e S[^H}{a^b). We set 

M = {(j) G Hl{a,b) : 0 and <j> satisfies (II. 2. 7)}. 



(II.2.7) 



Then we get 

= ^or <^GM\ (II.2.8) 

therefore, the functional J is bounded from below on M. In addition, since by the 
embedding theorem and (II.2.7) ||<;6|p < with C > 0 independent of 0 G M, 

there exists (7i > 0 such that 

||</i||i > C?! > 0 (II.2.9) 

for all ^ G M. 

Let {4>n} be a minimizing sequence for the functional J on M. In view of 
(II.2.8), this sequence is bounded in Hl\ hence, it is weakly compact. Let be a 

subsequence weakly converging to some ^ in We can also accept that there exists 
ll<^nmlli- Then, ||0||i < lim ||<^„„||i. Suppose that ||(^||i < lim |U„ lb. By 
Theorem II.2.4 and by (II.2.7),(IL2.9) we have: 

jim j |^n„.r+Mx = J |<^p+idx ^ 0. 

Rtf 



Hence, for our <j>, the left-hand side of (II.2.7) is smaller than the right-hand side and 
the latter is positive. Therefore, (j) and there exists a G (0, 1) such that a^> G M. 
But for this reason by (II.2.8) we get: 






^)\mU lim(i- 

1 -t“ i m— +-00 Z 



p -I- 1 



)Un 
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i.e. we get a contradictiop. Hence, lim ||^nm||i = ll<^lli) € M and J(4>) = inf J{v). 

m—^oo vGM 

Further, |^| € M, too, and J(|i^|) = <I(<^}- Hence, changing ^ by 1^|, we can 
accept that > 0. According to Theorem H.2.2, is a critical point of the functional 
J considered on the space H^(a,b). Taking + tv)\t=o for an arbitrary raHial 

function u(r-) G C^{a,b) satisfying u(|a:|) = 0 in a neighborhood of zero, we obtain 
the equality 

+ 00 

Dm J {r’^~^(~v(r)—<f){r) + uiv(r)^(r) — v(r)<f>’’(r))}dr = 0, (II.2.10) 

0 

hence, is a generalized solution of equation (II. 2. 5) in any hounded domain contained 
with its closure in the set {x € : a < |a;| < 6}. If a > 0, then <j>{a) = <j){b) = 0 

and (H.2.10) implies that the function i^(|a:|) satisfies equation (IL2.5) in the classical 
sense in the domain {x G R^ : a < |x| < 6}. Hence, in particular, ^(|a:|) > 0 
for a < |x| < 6 (because otherwise ^(r) = <^J.(?') = 0 for some r G (a,b) which is 
impossible because of the uniqueness theorem, see Section 2.1). 

Consider the case a = 0. Then, the equality 

I {Vv{x) V^{x) + u>v{x)<t>{x) — v{x)(j>^{x)]dx =0 (II. 2. 11) 

also follows from the above arguments for non-radial functions v G satisfying the 
condition v{x) — 0 for |x| > b and for x from an open neighborhood of zero. Taking 
here the limit over a sequence {v„} satisfying these properties and converging to a 
function v G in the sense of the space we achieve equality (H.2.11) for an 
arbitrary v G with a support in the domain |x| < b. Hence, <j> is a, generalized 
solution of elliptic equation (II. 2. 5) in the domain |x| < b which is also a radial 
function. If 6 = +oo, then ^||i|_,oo = 0 by Theorem II. 2. 4. Also, since the function 
(f) satisfies equation (II. 1.4) with g{u) = wu — it cannot be equal to zero in a 

point of the domain a < |x| < 6 as in the previous section. 

Let us prove that the solution <^(|x|) of equation (II. 2. 5) is classical, i. e. that it 
is twice continuously diff erentiable and satisfies this equation at any point x : |x| < 
b. Clearly, it suffices to prove this faxet in an arbitrary small neighborhood of the 
point X = 0. We take an arbitrary R > 0 if b — +oo and R = b ii b < +oo. 
Then, since (f> G Wj{BR{0)), we have (f> G L,„{Br{0)) where 50 = Hence, 

e L,-.(5 h( 0)) with n = i?{qo) = Therefore, <j> G W^^{Br{0)) 

(on this subject see [36]). Thus, by the embedding theorem <j) G i/5j(B/j(0)), where 
qi = An) = if P € and 9i > 1 is arbitrary if p = 

4> G C(5ij(0)) if p G (1, j^)- In the two latter cases (j> G Wj*(5fi(0)) with arbitrary 

large r > 1, hence, (j) is continuously differentiable in Br{0), therefore it is a classical 
solution of our equation. 
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Consider the case p 6 One can easily verify that qi > qo- We 

also observe that qi = (p{rj){qQ)). By analogy, one can show that, if r2 = «/>(qi) = 
^ < f , then <j) e Lg^{BR{0)) with 92 = <p{r2) > qi, if rs = ■0(92) = ^ < f > 

({> G Z’53(Br( 0)) with 53 = <^(^’3) > 92) and so on. So, we get either infinite increasing 
sequences {r,i}„=i,2,3,... and {9n}n=o,i,2,... satisfying r„ < ~ for all n or a number no 
such that ri < r2 < ... < < R and Vno > y- First of all, in the case when these 

sequences are infinite it cannot be that r„ < y — 5 for some 6 > Q and all n because 
the sequence {9n}n=o,i,2,... is monotone and bounded, hence, it must converge to a 
fixed point of the map (^(^(-)), but it can be simply verified that this map has no 
fixed point greater than = 77^ • In the remaining cases by the embedding theorems 
(j) belongs to L^[Br{Q)) with arbitrary large 9 > 1, therefore by embedding theorems 
it is continuously differentiable, thus, it is a classical solution of equation (II. 2.5) and 
the required statement is proved. 

Let us fix an arbitrary positive integer 1. Let 0 < uj < 02 < ... < uj < 00 be 
arbitrary points and let uq = 0 and = +00. Let ui(|x|), ti2(|x|), ..., Wi+i(|x|) be 
the above-constructed radial solutions of the problem (II. 2. 5), (II. 2. 6) with a = aj,_i 
and b = ak (i.e. they satisfy the above minimization problems), respectively, where 
U\ > 0,U3 > 0,,.. and «2 < 0,U4 < 0,... (solutions U2,U4,... exist because if u is a 
positive solution of the problem (II.2.5),(II.2.6), then -u is a negative solution). We 
denote by u(|x|) the function which is equal to Ui(|a;|) in the domain Oi-i < |x| < Ok, 
k = 1,2,...,/+!. Let R be the set of all these functions for all values of the parameters 
ak. Then, according to (II.2.8) J{u) = (| - l|u||i for any n e and for all values 
of ojt, i.e., the functional J is bounded from below on the set R. Let {i^n}n=i,2,3,... be a 
minimizing sequence for this functional J considered on the set R with the correspond- 
ing values of parameters 0 = ag < «^ < aj < ... < a" < = +00 (n = 1, 2, 3, ..,). 

Lemma II.2.6 There exists a subsequence of the sequence a" = (a", ...,12”) € 
R}, n = 1,2,3,..., converging to some a = (ai,...,a/) e R} where 0 < Oi < U2 < ••■ < 
<Z; < +00. 

Proof. It suffices to prove that there exist (7, Ci > 0 such that > (7, 

k = 0 , ..., I — 1, and a" < (7i, for all n. We shall only prove that a" > (7 > 0 (n = 
1,2,3, ...) because the other estimates caji be obtained by analogy. 

It suffices to prove that 



inf J(u) — > +00 

uGHQ{b)nM, u^O 

a,s b -t-0. Suppose it is not right. Then, there exists a sequence b^ -hO such 
that l|<^nl|i < C2 for some minimizers (here n = 1,2,3,...). Then l^^lp+i < C'„ 
too. Let Vn{x) = an4>n{bn\x\) where > 0 are chosen for the functions to satisfy 
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condition (II. 2. 8) with a = 0 and 6=1. Then, using embedding theorems, we get 
Iknili < CslVvnll, therefore 

bl\^<l>n\l>C,cCWpt\ 

for some C 3 , C 4 > 0 independent of n. Hence, since as earlier |<^n|p+i > C's > 0 for all 
<i> E H^ satisfying (II. 2. 8), we have 

2 

0 < S Cebn ' — > +0 as n — > 00. 

Therefore, 

JM = Q - IknII? < C,\Vv„\l < Csbl~'"'"^\Vc^X 2 < ^ 0 

as n — > 00 because 2 — N + > 0. In particular, this implies that 

inf J(v) < 0, 

v6j^Q(l)nAf, 

i. e. a contradiction, O 

Let us return to the proof of Theorem II.2.1. As when proving the existence 
of positive solutions, one can prove, passing to a subsequence if necessary, that the 
sequence {^n}n=i,2,3,... weakly converges in to a function <^(|a:|) which satisfies 
condition (II.2.8) with a = ajt and 6 = a^+i, k = 0,1,...,!, and equation (II.2.5) for 
Hit < |a;| < fli+i {k = 0,1,...,/); in addition <t>{ak) = 0 for fc = 1,2, ...,/. Also, since 
the function <f>{r), where r = |x|, is a solution of equation (II. 1.4) for r ^ ak, there 
exist a derivative on the right ^'{uk + 0) and a derivative on the left ^6'(a* — 0) which 
are nonequal to zero by the uniqueness theorem. 

Now, to prove Theorem II. 2.1, it suffices to show that 4>'{o,k — 0) = <^'(a* + 
0) for all k = 1,2, .,.,/. Let us take an arbitrary k — 1,2,...,/ and suppose that 
(f>'{ak — 0) 7^ <j>'{a,k + 0). Let also for the definiteness ^(r) > 0 as r S (a*_i,ai). 
Fix i/>(r) E C^{ak-i,ak+i) such that ^(ajt) > 0. Denote w{s,r) = (j>{r) + sip{r). 
Then, by the implicit function theorem for any sufficiently small s : |s| < sq w 

as a function of r has a unique root r — c{s) in a sufficiently small neighborhood 
of flii the function c(s) belongs to C^([0 , Sq)) and C'^((— sqj 0])j where we mean that 
at the point s = 0 the function c(s) has derivatives on the right and on the left 
which are equal to lim^c'(s) and lim^c'(s), respectively. Let io(a,/3, s,r) = aw{s,r) 
for r E [oi_i,c(s)) and w{a,^,s,r) = Pw{s,r) for r E [c(s), at+i], where a,j3 > 0 
and let a{s) > 0 and ^(s) > 0 be the values of a and /? such that the function 
uJ(a(s),;3(s),s,-) satisfies condition (II.2.8) with a = ak-i,b = c(s) and with a — 
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c{s),b = ajt+i, respectively. Clearly w(a(s), /3(s), s, ■) G C^([0, si); ctfc+i)) 
and w{a{s),/3{s),s,-) 6 C^((-Si,0];i/'o(ai_i,ai+i)) for some si > 0. 

Since by definition 

c(s) 
ajt-i 



- + win*) 




dr 


2 ^ ' 


p + 1 





«fc+i 






dr\ 



\p=p{s) 



= 0 , 



we easily derive using an integration by parts 

Ofc +1 



d_ 

ds 



J [2 P+1 



dr\ 



b=+o 



ajc+l 







+ ww^) 



1 

P + 1 





®fc+l 

= j + w# - \4>r^<f>i>]dr = “ 0) - + 0)]. 

afc_i 

Hence, if — 0) </>'(o* +0), then there exists a sufficiently small s (either positive 

or negative) such that 



“k+l 



<^k-l 



+ wio*) - 



1 

P+1 




dr < 



ttAi + l 




ajfe-i 






dr 



which is a contradiction. Thus, cf>'{ak-0) = 4>'{ak+0), and Theorem II.2.1 is proved.D 



2.3 The concentration-compactness method of P.L. 
Lions 

The concentration-compactness method proposed by P.L. Lions (see [57,58]) has a lot 
of applications to various equations (differential, integro-differential, integral, etc.) in 
unbounded domains; in particular, in many cases it allows to prove the solvability of 
a problem. Here we only touch upon this subject and illustrate the method with an 
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example of one of the simplest problems it is applicable to; we shall use the result 
presented below to investigate the stability of solitary waves. We consider the problem 
of the minimization of the functional 

under the restriction lujj = A where A > 0 is fixed; we set 

h = Inf {E{u)f u e H\ \u\l = A} . (II.3.1) 

The result we want to prove is the following. 

Theorem II. 3.1 Let p € (l, 1 + ^) and A > 0 6e arbitrary. Then 1\ > — oo and 
for an arbitrary minimizing sequence {un}n=i,2,3,... of the problem (II. 3.1) there exists 
a sequence {yn}n=i, 2 , 3 ,... C such that the sequence {nn(’ + 2/n)}n=i,2,3,.., is relatively 
compact in and its arbitrary limit point is a solution of the minimization problem 

(II. 3.1). 



Remark II. 3. 2 If p > 1 + ^, then I\ = — oo for any A > 0. For p S (l, 1 + ^) 
and any A > 0 one has I\ < 0. To see this, consider the function 



We have \u{cr, -)|2 = A and 



u(cr, a;) 



p-e 

(25rcr2) * 



E{u{a,x)) = J |Vw(l,x)pda; - (T 2 ip+'^)+^ J 

flW flJV 

Hence, E{u{(j,-)) — oo as o- — > +0 when p > 1 + ;^ and, for p € (1,1 + ;^), 

E{u{a, •)) becomes negative for sufficiently large cr > 0. 



Remark II.3.3 Really, P.L. Lions in [57,58] considered problems of the essentially 
more general kind. For example, he investigated the problem 

-Au c{x)u = f{x,u), X £ , 



l|a?|—*oo 



- 0 , 



where c{x) > 0 and f(x,u) is something like ^(a;)|u|P with k{x) > 0. 



Remark II.3.4 As P.L. Lions noted in his publications, the principal relation 
providing the relative compactness of any minimizing sequence up to translations as 
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in Theorem II. 3.1 is /a < /„ 4- I\-a for a £ (0, A). Below we obtain this relation for 
our problem. 

Lemma II. 3. 5 Let {u„}„=i,2,3,... a sequence hounded in and satisfying the 
condition 

Nnia — A, 

where A > 0 is fixed. Then, there exists a subsequence {u 7 ia}a=i, 2,3,... satisfying one of 
the following three properties; 

(i) (compactness) there exists {t/fc}t=i, 2 , 3 ,... C such that for any e > 0 there 
exists R> 0 for which 

j + yk)dx > X ~ e, = 1,2,3,... 

V*+Br(0) 

(here 5^(0) = {a; € R^ : |t| < R}); 

(ii) (vanishing) 

lim sup / w* (x)dx = 0 

J * 

v+ShIo) 

for all R > 0; 

(Hi) (dichotomy) there exist a £ (0, A) and sequences 2,3,... and {ul}k=r,2.3.... 

hounded in and satisfying the following: 

2N 

- (4 + «a)|, ^ 0 as 00 for 2<q< — - 

lim / [u\Ydx — O' = lim / {u\fdx — (A — o) = 0; 
k—i’Oo J k—*oo J 

RN RN 

dist (Supp uj; Supp u^) — ♦ +00 as k 00 ; 
liminf / {|Vu„,p - |V«1P - |Vu^|^} dx > 0. 

RN 

With the Proof of Lemma II. 3. 5 we, actually, repeat the proof of Lemma III.l 
from Part I of [57]. We introduce the concentration functions of measures 

Q„(t) = sup / ul(x)dx. 
veRN J 
S+B( (0) 

Then, {<5n(f )}n=i,2,3,... is a sequence of nondecreasing, nonnegative, uniformly bounded 
functions on and lim Quit] — A. By the classical result, there exist a subse- 

i— >+00 

quence {Qnk}k=i, 2 ,s,... and a function Q{t) nonnegative and nondecreasing on R+ such 
that lim Qn^it) = Q{i) for any t > 0. 
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Let a = lim Q{t). Obviously a G [0,A], If a = 0, then the vanishing (ii) takes 
place for the sequence {Q 7 ifc(t)}i=i, 2 , 3 ,...- If a = A, then clearly the compactness (i) 
occurs. 

Let us briefly prove these two claims. First, let a = 0 and let e > 0 and R > 0 
be arbitrary. Then, we have 

= sup / ul (x)dx < e 

J 

S+Br(0) 

for all sufflciently large A: > 0, and the first claim is proved. Second, let a = A. Then, 
obviously there exist sequences Ck — » +0, Rk — » +oo as A) — > oo and {rrik}k=i,2,3,-i 
where rrik are positive integers, such that Qn„{Rk) > A — e* for all m > ruk- Take yk 
such that 

j = Q„„{Rk), A: = 1,2,3,... 

Then, taking an arbitrary e > 0, we have for all k such that e* < e and for all m > mk'. 

J + ym)dx > X - e. 

BrA°1 

Now, to get this relation for all m = 1,2,3,..., it suffices to take a sufficiently large 
R > Rk so that the second claim is proved. 

Consider the case o € (0,A). We have to prove that the dichotomy (iii) takes 
place in this case. Clearly, there exist sequences Rk —* +oo and e* > 0, e* — > 0 as 
A; -+ oo, such that 



\Qnt(Rk) - <x\ < €k and \Qn^{iRk) - a\ < tk, A: -1,2,3,... 



Indeed, for any positive integer m there exists a number A:„ > 0 such that 
IQth(u^) - <3(^)1 < and |<3„t(4m) — <3(4m)| < m~^ 



for all k > km- Then, we set Ri = ... = = 1, ei = ... = = 2A and, for each 

m 1,2,3,..., Rkm-ki — ••• — dtkm^i — ui, Ck„+i = ... = Cfcm+i — m ^ + a (3(m); 
since (3(+oo) = a, we get required sequences. 

Let 0,ip be cut-off (infinitely differentiable) functions: 0 < 0, (^ < 1, 6{x) = 
1, (p{x) = 0 for |a;| < 1 and 6{x) = 0, ^{x) = 1 for |x| > 2. Let and denote 
6 and ip/j, = respectively. We set M = sup ||u„||i. Then, clearly there exists 
C > 0 such that 









< CR-'^ 
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and 

J [|V(¥^fi(a: + ?/)w„,(a:)p-V?^(x + i/)|Vu„,(a:)|^] da; <CR~^ 

for all y e , k — 1,2,3, ... and R> 1. Let yk € R^ be such that 

Qnk{i){Rk)^ J ul^{x)dx. 

Then, setting ul = 0r^{- + yk)un^ we get 

^Im j {u\fdx - a = ^Im j [IVmJP - 6'|^(a: + J/A:)|Vu„J^] dx = 0. 

RN RN 

Finally, let ipk = + Vk) and uf = tpkUnt- Then, we have 

y ~ {Uk + dx < J U^^{x)dx < Qn^^{ARk) — Qn^{Rk) — > 0 

k-»|6[Rk.4Hkl} 

as A: —k CO, therefore by the Sobolev inequality 

< C’'(hl2 + l“ir^'"^|Vw|7*“^), 2<q<-^^{q>2ioT N = 1,2), (II.3.2) 
we obtain 

2N 

-(wit + wDl? -^0 as fc-koo, 2<q< 
and we get the dichotomy (iii).tn 

Now we turn to proving Theorem II.3.1. Let {u„}„=i, 2 , 3 ,... be a minimizing se- 
quence for the problem (II.3.1). At first, we prove its boundedness in Indeed, 
the sequence {i?(u„)}„=i, 2 , 3 ,... is bounded. Further, we use the Sobolev embedding 
(II.3.2) with g = p-|- 1. In this inequality, the exponent y(p-f 1) — A1 belongs to (0, 2) 
for any p € (l,l -|- ^). Hence, the sequence {|Vu„| 2 }ti=i, 2 , 3 ,... is bounded, therefore 
the sequence {u„}„=i, 2 , 3 ,,.. is bounded in 



Lemma II.3.6 h < laP h-a for any A > 0 and a e (0, A). 
Proof. Let a € [j, A) and d € (1, ^]. Then, 

lea = inf E{u) = inf E(9^u) = 

u^H^: \v\^-=8o( lu||=a 





2.JTHE CONCENTRATION-COMPACTNESS METHOD OF P.LIONS 



61 



since as it is shown in Remark II. 3.2 = inf E(u) < 0. Hence, 

u^H^: \u\2=oi 

/(A) < ^I{a) = I{a) + < H») + /(A - «).□ 

Consider a subsequence *= 1 , 2 , 3 ,... given by Lemma II. 3. 5. We shall show 
that it has the property (i) (compactness). Let us show that (iii) (dichotomy) cannot 
occur. Suppose the opposite. Let a* > 0 and > 0 be such that = a and 

\Sku\\l = A - a. Then hm a* = lim /3* = 1 and we have £^(unj > E{u\) + E[ul) + 
7 * =: E{aku\) + E{Pku\) + 7 * where 7 *, 7 * ^ 0 as A: — > 00 . Hence, 



h = lim £(u„J > lim [jB(a*«i) + E{^kul)] >h + h-c 

K—*co k—*oo 



which contradicts Lemma II. 3. 6 . 

Let us show that the vanishing (ii) cannot occur. For this aim, it suffices to 
prove that in the case (ii) - 0 as A; — > 00 because then liminf Fl(u„jj,) > 0 

which contradicts Remark II. 3 . 2 according to which 7* < 0. Take an arbitrary 7? > 0. 
Then, according to the Sobolev inequality, for any y G 



l“li;p+i(v+BR(0)) S: 



C(«) (l»lKLa.(.„ 



+ |w| 



p+l+JV-f(p+l) 

B 2 (p+Sft( 0 )) 



X 



|Vu| 



f(p+i)-yv 

B 2 (p+Br( 0 )) 



)• 



Let a sequence {zr}r=i, 2 , 3 ,... C 7?^ be such that 7?^ C (J {a:,. +Rr( 0)} and each point 

r=l 

X G is contained in at most I balls where / > 0 is a fixed integer. Then, applying 
the above Sobolev inequality, we get (e* = sup |“nk liI( 2 r+SR(o)) 0 as A; -> 00 ): 









ip+i 

"‘mp+i(zr+BR(0)) 



< 



00 

<C7(7?)e*5]{|u„Ji^( 

^r+B„(0)) 

r=l 






f 

<Ci6k^2 I [“L + |Vw„t|^]dx < CilcitllunJIi ^ 0 as k 00 , 

’■=^2:.+Br(0) 

SO that indeed the vanishing (ii) is impossible. 

By the above arguments, there exists a subsequence {u„< }*=i, 2 , 3 ,... of the se- 
quence }*=i, 2,3,.„ and a sequence {;/*} *= 1 , 2 , 3 ,... C R^ such that the sequence 
{w„j^(- -h 2/*)}*=i,2,3,... converges to some uq G 77^ strongly in L 2 and weakly in 
H^. By inequality (II. 3. 2) this subsequence also converges to Uq strongly in Lp+i. 
Hence, |wol 2 = and liminf £;(«„. ) > E{uo), but then E{uq) = lim E{u^>), hence, 

fc-+oo * k—*oo ^ 

t|wn;^(- + yk)\U = ilwolli, therefore the sequence {«„;,(• -h yk)}k=i, 2 , 3 ,... converges to 
uo strongly in 77^ as A: —> 00 . This easily yields the statement of Theorem II.3.1.D 
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2.4 On basis properties of systems of solutions 

In this section, we briefly (with an example) consider recent results obtained by the 
author which state that in certain Ccises systems of eigenfunctions of one-dimensional 
nonlinear eigenvalue problems on a segment similar to (1I.0.1),(II.0.3) can be bases in 
suitable spaces of functions as containing “arbitrary functions”. More precisely, 
we consider the following nonlinear eigenvalue problem: 

—u" + f{u^)u = Xu, xe(0, 1), u = u{x), (II. 4.1) 

u(0) = u(l) = 0, (II.4.2) 

1 

J u^(x)dx = 1, (II. 4. 3) 

0 

where again all quantities are real, / is a given sufficiently smooth function, and A is 
a spectral parameter. If a pair (A,n), where X £ R and u = u{x) is a function twice 
continuously differentiable on [0, 1], satisfies the problem (II.4.1)-(II.4.3), then we call 
A the eigenvalue and u{x) the corresponding eigenfunction of this problem. We note 
that it is not clear a priori that only one eigenfunction (up to the coefficient ±1) can 
correspond to an eigenvalue. 

At first, we introduce some definitions which are partially known. Let S' be a 
real separable Hilbert space with a scalar product (•, •) and the corresponding norm 
ll-ll-(v)^. 

Definition II. 4.1. A system {/in}n=o,i,2,... C H is called a basis of the space H if 
for an arbitrary h £ H there exists a unique sequence of real coefficients {an}n=o,i,2,... 

OO 

such that nffin — h in the sense of the space H. 

n =0 

Definition II. 4.2. A system {/in}n=o,i,2,... € H is called linearly independent if 

OO 

the equality ^ affi-n. = Oj where are real coefficients, takes place in H only for 

n=0 

0 = Go “ 0^1 = ••• = Gn •••• 

In accordance with the papers [5,6] we introduce the following two definitions. 
Defin i tion II. 4.3. We call a basis {/»n}n=o,i,2,... of the space H a Riesz basis of 

OO 

this space if the series ^ affin with real coefficients a„ converges in H when and only 

n =0 

OO 

when < OO. 

71=0 
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Definition II.4.4. Two systems {e„}„=o,i, 2 ,... C H and {hn}n=o,i, 2 ,... C H are 

OO 

called quadratically close in H if ^ ||A„ — e„|P < oo. 

Tl=0 

Our proof of the result of this section is directly based on the following theorem 
of N.K. Bary. 

Bary Theorem. Let {e„}„=o,i, 2 ,... C H be a Riesz basis of H and a system 
{^n}n=o,i, 2 ,... C H he linearly independent and quadratically close to the system 
{en}n=o,i,2,... In H. Then the system {/tn}n=o,i, 2 ,... is a Riesz basis in H. 

Clearly, any orthonormal basis of the space H is a. Riesz basis. Bases quadrat- 
ically close to orthonormal are also called in the literature Bary bases. Now we can 
establish our result on the property of being a basis for the system of eigenfunctions 
of the problem (II.4.1)-(II.4.3). 

Theorem II.4.5. Let f(u^)u be a continuously differentiable function of u E R 
and let f{r) be a continuous nondecreasing function of r E [0, oo). Then 

(a) for any integer n>0 the problem (II.4.1)-(IL4-3) has a pair (A„,u„), con- 
sisting of an eigenvalue and a corresponding eigenfunction such that the eigen- 
function u„ possesses precisely n roots in the interval (0, 1), and this pair is unique 
up to the coefficient ±1 of the function u„; in addition, Ao < Aj < ... < A„ < ...; 

(b) the system of eigenfunctions {Mn}n=o,i, 2 ,... i^ ® Bary basis of the (real) space 

L2%1). 



Before proving this result, we shcdl prove the Bary theorem. For this aim, we 
need also a theorem of I.M. Gelfand proved in [31]. Let Af be a real Banach space 
with a norm || • ||. We call a real- valued functional p defined on X admissible if the 
following conditions are satisfied; 

1. p{x) > 0 for any x E X; 

2. p{x+y) <p(x) -f p(y); 

3. p{ax) — |q|p( 2 ;), a E R. 

A functional p(-) on AT is called lower semicontinuous at a point xq E. X if liminf p{x) > 

x—t’Xo 

p{xo). 



Gelfand theorem. Let {pn}n=i,2,3,... be a sequence of admissible continuous func- 
tionals defined in X. If 



p(x) = supp„(x) < -foo 

n 



for any x E X, then the functional p{x) is admissible and continuous in X. 
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Now we turn to proving the above theorems. We begin with the Proof of the 
Gelfand theorem. It is based on the following result. 

Lemma 11.4.6 Let p be an admissible functional in X lower semicontinuous at 
each point of X. Then, there exists M > 0 such that 

p(x)<M|la:|| (II.4.4) 

for all X E X. 

Proof of Lemma II. 2. 6 . We first prove that if the functional p is bounded at 
least in one ball Br{a), r > 0, a E X, then (II.4.4) holds. Indeed, if sup p{x) < oo 

xeBr(a) 

for a ball Br{a), then 

p{x — a) < p{x) + p{a) < C 

for all a; S Br{a). Therefore, for any y E Bi(0), setting y = r~^{x — a), r > 0, we get 

p{y) = r~^p{x —a)< Cr~^, 

i. e. p is bounded on Bi(0) and hence, due to the properties of an admissible 
functional, (II. 4. 4) holds. 

Let now (II.4.4) is invalid. Then, there exists xi E 5i(0) such that p(xi) > 1. 
By the lower semicontinuity of the functional p there exists a ball B,.,(xi) with 
Br,{xi) c Bi(0) such that p{x) > 1 for all x E Br,{xi). Then, by analogy there 
exists X 2 E Br,{x\) such that p{x 2 ) > 2 and, again by the lower semicontinuity, there 
is a ball 5 ,.j(x2) : B^,^{x 2 ) C such that p(x) > 2foranyx E By^(x 2 ). Continue 

this process. We get a sequence {5r„(x„)}„=i,2,3.... of balls such that Br„^,(x„+i) C 
Br„(^n) and p(x) > n for any x E Br„(xn); in addition, we can accept that r„ — » 0 as 
n —y oo. Then, there is a unique xq € p| By„(x„). By the construction p(xo) > n for 

n>l 

any integer n > 0. This contradiction proves the lemma. □ 

It easily follows from Lemma II.4.6 that an admissible lower semicontinuous 
functional in X is continuous. Indeed, let xq E X. Then, since p(x) < p(a;— xo)+p(xo), 
we have 

p(x) - p(xo) < p(x - xo) < M||x - xo||. 

On the other hand, by the lower semicontinuity for any e > 0 there exists d > 0 such 
that 

p(xo) - p(x) < e 

for all X : ||x — xo|| < S. Hence, for x : ||x — xo|j < min{(5; eM~^} we have 



|p(x) -p(xo)| < e, 
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and the continuity of p is proved. 

Now we shall prove the Gelfand theorem. It is clear that the functional p from 
this theorem is admissible. In view of the above arguments it suffices to show the 
lower semicontinuity of p. Let Xq e X and e > 0 be arbitrary. We take a number 
N > Q such that 

p{xo) - Pn(xo) < 

Choose ^ > 0 such that PAr(a:o) — pjv(a^)| < f for ||a; — Xo| | < ^ (this is possible because 
of the continuity of pjv). Then, for any x : ||a; — a:o|| < ^ we have 

p(xo) - p(x) < pn(xq) + I - supp„(x) < pAf(xo) + I - Pn{x) < e.O 

^71 2 , 

Corollary II. 4. 7 Let {/n(a:)}n=i, 2 , 3 ,... be a sequence of real-valued continuous lin- 

OO 

ear functionals in X. If |/(x)p < oo (p > 1) for all x £ X, then there exists 

n=l 

M > 0 such that 

OO 

n=l 

for all x £ X. 

Proof. Let pn{x) = | Z) l/n(a^)|^| (iV = 1,2,3, ...) and p(x) = sup p„(a:). By 

U=i. n 

the Celfand theorem the functional p is admissible and continuous. Thus by Lemma 
II. 4. 6 p{x) < M||a:||.0 



Now we present a proof of the Bary theorem. In fact, we repeat the proof from 
[6]. Let h £ H. We have 

OO OO 

h — ^ ^ ^ OO- 

n=0 n=0 

oo 

Let us prove that ^n[^n ~ ^n] converges in H. Indeed, 

n=0 
m+p 

^ ^ ^71 (^n hji) 



n=m+l 



m+p TTi+p 

n=T7i+l n=m+l 



as m -» oo uniformly with respect to p > 0 by the convergence of the series Ikn - 

71=0 

hn\\^ . Clearly, coefficients a„ are linear functionals in H. Let us also show their 
continuity. We have only to prove that if {h'}/=i, 2 , 3 ,... C H and lim |lh'|l = 0, then for 

/— ^OO 

any fixed n the corresponding coefficient aj, — > 0 as / — > oo. Suppose this is not the 
case. Then, we can assume, passing to a subsequence if necessary, that «(, > Co > 0. 
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Then, g‘ = {a‘^) ^h‘ = + e„ — > 0 in if as / — » oo. But then ^i^k g' in 

k^n fc?tn 

H as l OQ and clearly g' — Y2 ^k^k for some recil coefficients 6^, hence 

k^n 



Cn + ^ hktk = 0 in H, 

k:^n 



i. e. we get a contradiction. Thus indeed coefficients a„ are continuous linear func- 
tionals in H. 

OO 

Let F = Y2 «n(en — f*n) and F — U f. The operator U is linear and it is 

n=0 

determined everywhere in H. Let us prove that it is completely continuous. Let 
Bji(O) = {f E H : ll/ll < /?} and / E Br(0). First, we remark that according to 

OO 

Corollary II.4.7 there exists M > 0 such that < M^||/||^ for all f E H. Then, 

n=0 



take an arbitrary e > 0. There exists a number Af > 0 so large that 
e, therefore 



OO 

E \\en-K\?< 

n=iV+l 



N 

F ^ ^ ^n(^n 
n=l 







OO OO 

ns=N+l n=N+l 



<e Y < eAf"ll/ir < 

flsiV+l 

In view of the arbitrariness of e > 0 for any / E Br{0) the element F = Uf can be 

approximated arbitrary closely by functions from the compact family of functions of 
N 

the kind E ®n(cn — ^n)> i- e. U{Br{0)) is a relatively compact subset of the space 

n=0 

H and the complete continuity of the operator U is proved. 

OO 

Let (/> — f — F, then ^ = E Set A = E — U where E is the identity. 

n=0 

Then A is a bounded linear operator in H and (j> — Af . But the equation 



Af = 0 (II.4.5) 



can have only the trivial solution / = 0 because the system {h„}„= 04 , 2 ,... is linearly 
independent. Then, since the linear homogeneous problem (II. 4. 5) has only the trivial 
solution and the operator U is completely continuous, the operator A has a bounded 
inverse A~^ in H- in addition, obviously Asn = h^. 

OO OO 

Let u E H and v = A~^u = E where E Then, u = Av = 

n=0 n=0 

OO OO OO OO 

E dnAen = E in H. Conversely, if w = ^ a„hn, then A~^u = E One„, hence 

n=0 n=0 n=0 n=0 

OO 

E < oo.a 

n=0 
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Remark II.4.8 As it is indicated in the proof of the Bary theorem, for any Riesz 
basis {/in}n=o,i, 2 ,... in H there exists m > 0 such that 

00^00 

n=0 n=0 

oo 

for all / = ^ a„h„ E H. Therefore, we have a bounded one-to-one operator from 

n=0 

CO 

H onto l-i which maps f — G H into the sequence of coefficients a = 

n=0 

(ao,fli, •■•) € h- By the Banach theorem the inverse map is also bounded, i. e. 
there exists M > 0 such that 

CO ^ OO 

n=0 n=0 

So, we get the estimate 

oo oo ^ 00 

n=0 n=0 n=0 

with positive constants 0 < m < M independent of a = (ao,cti, ...) € h- An- 

other property of a Riesz (or Bary) basis is that it keeps the property to be a Riesz 
(resp. Bary) basis after an arbitrary reindexing of its elements (on this subject, see 
[39]). 

Now we shall prove Theorem 11.4.5. In spite of the fact that equation (II.4.1) 
can be solved by quadratures, we use methods of the qualitative theory of ODEs 
for proving the statement (a). In this part of the proof we follow our paper [114], 
Without the loss of the generality we assume that /(O) = 0. Consider the following 
Cauchy problem 

-u" -i- f{u^)u = Aw, X E (0, 1), (II.4.6) 

w(0) = 0, u'(0) = a > 0, (II.4.7) 

where a > 0 is a parameter. Denote by w(a, A, a;) its solutions. 

Lemma II. 4. 9 For any integer n > 0 and a > 0 there exists a unique X E R such 
that the solution of the problem (II. f. 6), (II. 4-7) regarded as a function of the argument 
X has precisely n roots in (0,1) and w(a, A, 1) = 0; in addition A > (7r(n -b 1))^. 

Proof. For solutions of the problem (II.4.6),(II.4.7) the following identity takes 

place: 



{Kr + Aw^-E’(«^)}' = 0, 
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where F{s) = f f{p)dp, therefore 
0 

[u^(a, A, x)Y + A, x) — F{u^{a, A, x)) = (II. 4.8) 

for an arbitrary solution of the problem (II.4.6),(II.4.7) and for any x G [0,1]. 

Let us fix an arbitrary integer n > 0 and a > 0. Then, it follows from the 
comparison theorem that u{a, A, s) > 0 for all a; G (0, 1] and sufficiently small positive 
A. At the same time, for any A > 0 there exists A > 0 so large that the function 
G(A, u) = Xv} — F{u^) strictly increases for u G [0, A] and 

G(A, A) > a" = [<(a, A, 0)]=* + A[«(a, A, 0)]" - F{u\a, A, 0)). 

If a A > 0 satisfies these conditions, then by (II.4.8) |u(o, A, x)| < A for all x G [0, 1]. 
In particular, for these values of A the solution u(a, A, x) as a function of x can be con- 
tinued onto the whole segment [0, 1] as in Section 2.1. Therefore, max |w(a, A, x)| 0 

a:6[0,l] 

for A - 1 - 00 . In particular, this implies that the function u(a, A, x) satisfies the equa- 
tion 

u" -b c(A,x)u = 0, xG(0, 1), 

where the function c(A, x) > 0 is arbitrary large uniformly with respect to x G [0, 1] if 
A > 0 is sufficiently large. Hence, by the comparison theorem the solution u(a, A, x) 
of the problem (II.4.6),(II.4.7) has more than n roots in (0, 1) for sufficiently large 
values A > 0. 

Let A„ be the set of values A > 0 such that for each of them the solution u(a, A, x) 
of the problem (II.4.6),(IL4.7) has at least (n -j- 1) roots as a function of x G (0, 1). 
According to the above arguments the set A„ is nonempty. Let A„(a) = inf A„. Then 
A„(a) > 0 by the above arguments. The corresponding solution u(a, A„(a),x) has at 
most n roots in (0, 1) as a function of the argument x because otherwise, due to the 
continuous dependence theorem and since A,Xo) ^ 0 if u(a, A,xq) = 0, there 
must exist values A < A„(a) belonging to A„. By analogy u(a, A„(a),x) regarded as a 
function of the argument x has at least n roots in (0, 1) and u(<z, A„(a), 1) = 0 because 
in the opposite case the solutions, corresponding to A G A„ sufficiently close to An(a), 
must have at most n roots in (0, 1). 

Let us prove the uniqueness of the above value A = A„(a), for which the solu- 
tion w(a, A„(a),x) of the problem (II.4.6),(II.4.7) has precisely n roots in the interval 
X G (0,1) and satisfies the condition tt(a, A„(a), 1) = 0. Suppose that there exists 
A' 7 ^ A„(a) satisfying these conditions. Using the autonomy of equation (II. 4. 6) and 
its invariance with respect to the changes of variables x c — x and u —* — m, one 
can easily prove that 
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(a) for any root Xq of an arbitrary solution of equation (II. 4. 6), this solution is 
odd with respect to the point Xq on an arbitrary segment [xo — b, Xq T b] C [0, 1]; 

(b) between arbitrary two nearest roots X\ < X 2 of an arbitrary solution u[x^ of 

equation (II.4.6) there exists a unique point of extremum Xq = of this solution; 

this solution is strictly monotone on [xi,xo] o,f^d on [* 0 !a; 2 ] o,ud even with respect to 
the point Xo on any segment [xq — 6, Sq + 6] C [0, 1] (on this subject, see also Section 
2. If 

(c) u(a, X, x) = u{a, A, x + 2xi) for any x such that x,x + 2xi £ [0, 1] where Xx 
is the minimal positive root of the function u. 

It follows from the properties (a)-(c) that each of two solutions u{a, A„(a), x) and 
u(a,X',x) of the problem (II.4.6),(II.4.7), is monotonically increasing and achieves a 
maximum at the point x = 2 (i 7 fT)- for definiteness A' > A„(a) and let 

ui{x) = u{a, Xn{a),x) and U 2 (x) = u{a,X',x). Then, in view of (II.4.8), it is clear 
that Ui(x) > U 2 {x) in a right half-neighborhood of the point x = 0. Let x > 0 be the 
minimal value of the argument x £ ^0, 5(^j:i)) ®rich that Ui(x) = U 2 {x) or x = if 

Ui(x) ^ U 2 (®) for all X € (0, Multiplying equation (II.4.6), written for «i(x), 

by U 2 {x), the same equation, written for M 2 (x), by Ui(x), subtracting the obtained 
identities one from another and integrating the result over the segment [0,x], we get: 

0> J Ui{x)u 2 {x)[f{ul{x))- f{ul{x))- \n{a) + X']dx. (II.4.9) 

0 

l3ut since by our supposition ui(x) > W 2 (a:) for x £ (0,x), the right-hand side of this 
inequality is positive, i. e. we get a contradiction. 

The property A„(a) > (7r(n -f 1))^ follows from the comparison theorem. Thus, 
Lemma II. 4. 9 is proved. □ 

We keep the notation An(a) for the value of the parameter A from Lemma 

II. 4. 9. Let u„(a, A„(a), x) = Un(a,x). By Lemma II. 4. 9 these definitions are correct 

1 

and A„(a) > 0 for any a > 0 and integer n > 0. Let also a„(a) = f u^(a,x)dx. 

0 

Lemma II. 4. 10 For any integer n > 0 the function Xn{a) is nondecreasing and 
continuous on the half-line a > 0. 

Proof. Let a^ > a 2 > 0. We shall prove that A„(ffli) > An(a 2 )- Suppose the 
contrary, i. e. that A„(ai) < A„(a 2 ). Let ui(x) = u„(ai,x) and U 2 {x) = Un(a 2 ,x). By 
the properties (a)-(c) from the proof of Lemma II.4.9, each of the functions Ui(x) and 
U 2 {x) increases on the segment [0, and x = is the point of maximum of 

each of them. By (II. 4. 8). we have u^(xi) > « 2 (® 2 ) for any y > 0 for which there exist 
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3^1, 3^2 G (0, 2 (n+i) ) satisfying «i(a;i) = U 2 (a; 2 ) = y- Therefore, ui{x) > U 2 {x) for all 
X € (0, 2 (n+i ' ) ')- Proceeding as when deriving inequality (II. 4.9) and taking x — 
we get 

1 

2(n+l) 

0= j Ui{x)u 2 {x)[f{u^{x))-f{ul{x))-Xn{ai) + Xn{a 2 )]dx, 

0 

which is obviously a contradiction because the right-hand side here is positive. So, it 
is proved that the function A„(a) is nondecreasing on the half- line a > 0. 

Let us prove the continuity of the function A„(a). Suppose the contrary, i. e. 
that there exists oo > 0 such that lim A„(a) > A„(ao) or lim A„(< 2 ) < A„(ao)- Let 

a — ►ao+0 a — 

for the definiteness the first inequality take place (the second case can be considered 
by analogy). Then, as one can easily verify, it follows from (II. 4. 6) and (II. 4. 8) that 
for each a > gq sufficiently close to ao there exists d(a) > 0 such that 

1) d(a) —>■ -1-0 as a — > ao -k 0; 

2) Un(a,x) > Un(ao,x) for x G (0,d(a)); 

3) u„(o,d(a)) = u„(ao,d(a)} and ^w„(a,d(a)) < £un(ao,d(a)). 

Therefore w„(a, r) < u„(ao, x) in a right half-neighborhood of the point a: = d(a) 
(because u"^j.(a,d(a)) < u'^^j.^(ao,d(a))). Then, as above, it follows from equality 
(II. 4. 8) that u„(a,x) < u„(ao, a:) for all a > ao sufficiently close to cq and for all 
X G (d(a), 2 (n 4 .i) )- Using the identity similar to (II. 4. 9) with the integral over the 
segment [d(a), we get a contradiction. So, the function A„(a) is continuous, 

and Lemma II. 4. 10 is proved. □ 

Lemma II.4.11 ««(«) a strictly increasing continuous function on the half-line 
a > 0, lim a„(a) = 0 and lim an{a) = -|-oo. 

a^+0 a — ++00 

Proof . The continuity of the function a„(a) follows from the continuity of A„(a) 
(see Lemma 11.4.10) and from the continuous dependence of solutions of the problem 
(II. 4.6), (II. 4. 7) on the parameters o h A. Further, as it is proved earlier, u„(a, r) — > 
0 as a — > -kO uniformly in x G [0,1] (see the proof of Lemma II. 4. 10), therefore 
lim a„(a) = 0. 

a^+0 

Let us prove that lim a„{a) = -koo. First of all, we observe that u" ^^{a, x) < 0 
a— >4*00 ’ 

for all X G (0, 2 („^i) )- Indeed, if we suppose the contrary, then there exists Xq G 
(0, such that .^.^(a, xq) > 0. But w(,^j.(a, Xq) > 0 as it was indicated earlier 

and also f{u^)u — An(a)w is a nondecreasing function on the half-line u G [0, -koo); in 
addition, by our supposition /(u^(a,Xo)) — A„(a)it„(a, xq) > 0. Hence, we get that 
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j.(a, k) > 0 for all a: € (xo, 1 ], i- e. we have a contradictioa. So, Un,xx{^: < 0 for 

® e (0, ^). 

Now, to prove that lira an(a) = +oo, it suffices to show that u„(a, y, > 

+00 as a +00 (because, as it is proved above, u„(a, a:) is a coacave fuactioa of x 
oa the segmeat [ 0 , ;^])- Suppose that for a sequeace Uk +oo the followiag takes 
place: Un{ak, 2{r!+i ) ) — ^ ^ +oo. Coasider separately the following two cases: A. 
/(+oo) = +0O and B. /(+oo) < +oo. 

A. Let /(+oo) = +00. Thea A„(a) — > +oo as a — > +oo (because otherwise 

we would get from (II. 4 . 8 ) that ^lim u„(afc, — +o°j i- e. a contradiction). 

Therefore, the functions u„(ajt,x) satisfy in the interval x € ( 0 , 2(^+1) ) equations 

K,xx + akix)un{ak,x) = 0 , 

where —* +00 as A; — > 00 uniformly with respect to x 6 ( 0 , 2(„+ ij)- Hence, accord- 
ing to standard arguments based on the comparison theorem, each of the functions 
u„(fflfc, x) for all sufficiently large numbers k must have a root in (0, which is 

a contradiction. So, the case A is impossible. 

B. Let /(+00) < -t-00. Then, on the one hand, by the comparison theorem, 
we have An(oi) < /(-|-oo) + (7r(n + 1 ))^ < +00. But on the other hand, as in the 
case A, lim Xn{o,k) = +00, i. e. we get a contradiction. So, it is proved that 

k-^oo 

lim an(o) = -1-00. 

o — ^■+00 

It remains to prove that a„(a) is a monotonically increasing function on the 
half-line a £ ( 0 ,-t-oo). To prove this, in view of the properties (a)-(c) indicated in 
the proof of Lemma II. 4 . 9 , it suffices to prove that for any ai,02 : 0 < oi < 03 
for all X € (0,2^;^) the inequality M„(ai,x) < w„(a2,x) takes place. Suppose the 
opposite, i. e. that there exist 0 < % < «2 such that u„(oi,x) > u„(a2,a:) for 
some X G ( 0 , 2(^+1) )- xi > 0 be the minimal point from this interval such 
that u^(ai,xi) — u„(a2,xi). Let us show that u„(ai,x) > u„(a2,x) in a right half- 
neighborhood of xi- Suppose again the contrary. Then u'^^^{ai,xi) — u'^^{a2,xi). In 
view of equality (II. 4 . 8 ) written for x = xj, we have A„(ai) < A„(a2), hence, in view 
of equation (II. 4 . 6 ), w„,i,j;(ai,xi) > M",a,j,(a2,a^i), i. e. we get a contradiction. So, 
it is proved that u„{ai,x) > Un{a2,x) in a right half-neighborhood of the point xi. 
We also note that it follows from these arguments that «(, j,(ai,xi) > u'^^{a2,xi) if 
An(^l) ^ A„(fl2)' 

Let X2 be the minimal value x G (xi, 2p^) s^^ch that u„(ai, x) = u„(u2, x) or 
X2 = if there is no such a point in (xi, Repeating the procedure used 

when deriving inequality (II. 4 . 9 ) with the integration over the segment [xi,X2], we 
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get: 

0 > y Mn(ai, x)un{a2, x)[f(ul{ai, a;)) - /(«^(a 2 , x)) - A„(ai) + A„(a 2 )]rfx; 

in addition, by the above arguments, we have the strict equality here if A„(ai) = 
A„(a 2 ). Thus we get a contradiction. So, it is proved that o:„(a) is a monotonically 
increasing function of the argument a > 0, and Lemma II. 4. 11 is proved. □ 

Lemma II. 4. 12 For any integer n > 0 there exists a pair (A„,w„(x)) satisfying 
the problem (II.4.1)-(II.4.3) and such that the function Un(x) has precisely n roots in 
the interval (0, 1) and this pair is unique up to the coefficient ±1 of the function u^; 
in addition, the following inequalities take place-. 

0 < Ai < Aj < ... < A„ < ... (II.4.10) 

Proof. In view of Lemmas IL4.9-IL4.il, it suffices to prove inequality (II.4.10). 
Suppose that A„ > A^+i for some n > 0. The solution u„+i(a;) strictly increases 
for s € / = [ 0 , 2 ^;^] and <+i( 2 (;^) = 0- I* cannot be that u„+i(x) > w„(x) 
for all X e / because then /(u^+i(x)) - A„+i > /(u^(x)) - A„ for x € I, hence 
by the comparison theorem in this case there should exist a point xo € / such that 
tiJ,(xo) = 0. Therefore, only one of the following two cases A and B can occur. 

A. Let there exist points 0 < Xi < X 2 < such that u„+i(x) > u„(x) if 

X G (Xi,X 2 ), U„+i(xi) = Un(xi), W„+i(x 2 ) > U„(X 2 ), and also U„+i(x 2 ) = Un(X 2 ) if 
X 2 < • Proceeding as when deriving (II.4.9) with the integral over the segment 

[xi,X 2 ], we get the inequality 

X2 

0 > y Un+l{x)un{x)[f{ul_^.^{x)} ~ /(u^(x)) - A„+i -f AJdx, 

XI 

where, as in the proof of Lemma 11.4.11, the strict inequality takes place if A„+i = A„. 
Thus, we get a contradiction, and the case A is impossible. 

B. Let u„+i(x) < Un{x) for all x G /- Observe that u„+i(x) < Un(x) for some 

xo G / (because otherwise we would have = 0)- Further, u„+i(x) < u„(x) 

for all X G [0, (it is obvious visually on a picture). Let us prove that then 
||«n+i||r ,2 < 1 if ||u„||l 2 = 1- For an arbitrary integer k = 1,2, ...,n -f 1 consider 
the interval h = (Fere u„{^) = = 0). In this interval, the 

function obviously has precisely one root x (because for each k = 

2, ,3,...,n 4- 1). Change the function on the segment R by the function w(x) 
equal to u„+i(x - x -1- for x < x and to u„+i(x - x -t- for x > x. Repeat 
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this procedure for each k = 1,2, Then, which is obvious visually, in view 
of the properties (a)-(c) (see the proof of Lemma II. 4. 9), the graph of the function 
|«(x)| lies under the graph of the function |un(x)| and there is an interval J C (0, 1) 
such that |u(x)| < |wn(®)| for all x £ J. Therefore, 

|Wn+l|L2(0,l) = l^kaCO.l) < IMmUjIO,!) = 
i. e. we get a contradiction. Thus, Lemma II.4.12 is proved. □ 

Let 6n(x) = -\/5sin[7r(n + I)®], n = 0,1,2,.... Then, the system {e„}„=o,i,2,... is 
an orthonormal basis in ^2(0, 1). We also accept that u(,(0) > 0 for all n = 0, 1,2, ... 
which is possible due to the invariance of equation (II.4.1) with respect to the multi- 
plication of u by —1. In the next part of proving Theorem II.4.5 we follow the paper 
[115]. 

Lemma II. 4. 13 There exists C > 0 such that |«n — e„|2 < C(n + 1)~^ for all n = 
0,1,2,...; in particular, the systems {wn}n=o,i,2,... {en}n=o,i,2,... o,re quadratically 

close in T2(0, 1). 

Proof. At first, we shall show that the functions {wn(a;)}„=o,i,2,... are bounded 
uniformly with respect to a: € [0,1]. Consider the sequence a:) of solutions of 
the Cauchy problem (II. 4. 6), (II. 4.7) with bn = 10;r(n -f 1). Let us prove that this 
sequence is uniformly bounded. Let = u„(6„, Then, obviously it suffices to 

show the boundedness of the sequence from above. By the comparison theorem, 
for each number n we have A„(6„) > (x(n-l- 1))^. Further, identity (II.4.8) yields the 
inequality 

(lOx(n-l-l))^ > G{Xj,{bn),Un{bn,x)) > {ir{n+l)yul{b„,x) - F{ul{bn,x)), (II.4.11) 
which implies that 

dn < 20 

for all sufficiently large numbers n. Indeed, if we suppose that this is not so, then 
we would get that in (II.4.11) the right-hand side is greater than the left-hand one 
for all sufficiently large numbers n and for all x satisfying |u„(6„,a;)( = 20, i. e. a 
contradiction. So, the uniform boundedness of the sequence {u„(6„, x)}„=o,i,2,... is 
proved. 

Let us show that |un(6n, .)|i.2(o,i) > 1 for all sufficiently large numbers n. Set 
hn{x) — 10sin[x(n + 1)2;] and observe that u(i_j,(6n,0) = h'^{0) and, in view of the 
properties (a)-(c) from the proof of Lemma II.4.9, 1) = h(,(l). We have: 



h-n t^nh-n-i X £ ( 0 , 1 ), 
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K{0) = h„{l) = 0 

where Hn = (x(n. + 1))^. Therefore, we get from the previous equation and equation 
(II.4.6) for the functions u)n(a:) = u„(fe„,a;) — h„(a:); 

~w" + W^„(a;) = fjinWn, X € (0, 1), 

= u;„(l) = <(0) = = 0, 

where the family of functions {Wn{x)} is uniformly bounded because of the uniform 
boundedness of the family of functions {M„(6„,a;)}„>o and the estimate 

|A„ - /x„| < (7i (II.4.12) 

with a constant Ci > 0 independent of n taking place by the comparison theorem. 
Multiplying this equation by 2xw'^{x), integrating the obtained equality over the 
segment [0, 1] and applying the integration by parts, we get 

1 1 

< -K,a:lL(0,l)-2 j Xwl,Jx)Wnix)dx < J X^W^{x)dx < C 2 , 

0 0 

where C *2 > 0 is independent of n. In view of this equality and since \hn\L 2 {p,i) > 1 for 
all numbers n, we have -)|£j(o,i) > 1 for all sufficiently large numbers n. This 

fact and Lemma II.4.11 yield that 

K(0)| < (II.4.13) 



for all sufficiently large numbers n. 

It can be proved using (II.4.13) as for the functions u„{bn, •) that the family of 
the functions {M„(-)}n=o,i, 2 ,... is uniformly bounded. Let us prove that 

\y>n On|n 2 (o,i) C{n T 1) ? — 0, 1, 2, .... 

For this aim, we first shall show that there exists Cs > 0 such that 

K(0) - e'„(0)| < (?3 and |<(1) - e:,(l)| < C 3 (II.4.14) 

for all numbers n. 

At first, let us multiply equation (II.4.1) written for u[x) — Un{x) by Un{x) and 
integrate the obtained identity over the segment [0, 1] . Then, due to the uniform 
boundedness of the family of functions {wn(a:)}n=o,i, 2 ,...j we get 

1 

An - C4 < j K{x)fdx < An + C4 
0 
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for a constant Ci > 0 independent of n. Further, let us multiply equation (II.4.1) 
written for w(a:) = Un{x) by 2(l+ar)uJ,(x) and integrate the obtained identity between 

0 and 1. We get after transformations with the use of the previous estimate 

l2K(l)r-K(0)f-2A„|< 

1 

< 05+2 j{l + x)f{ul{x))un{x)u'.^{x)dx < 

0 

1 

<(75 + 1 |i^(n^(rr))|drr, 

0 

s 

where again F{s) = / f{t)dt. Hence, since due to the properties (a)-(c) from the 
0 

proof of Lemma II. 4. 9 [u^(0)]^ = we have 

|K(l)r-2A„| = |K(0)f-2A„|<(75 

for a constant Cs > 0 independent of n. Now, since sign u^O) = sign e(j(0) and, as 
it follows from the properties (a)-(c) from the proof of Lemma II. 4. 9, sign ujj(l) = 
sign ej,(l), because [e|j(0)]^ = [e^(l)]^ = 2fi„ and in view of inequality (II.4.12), we 
get (II.4.14). 

Let g'n(x) = u„{x) — e.n[x). Then, due to the uniform boundedness of the family 
of functions {un(a:)}n=o,i, 2 ,..., we have 

+ Gn{x) = Hn9n{x), X £ (0, 1), (II.4.15) 

5n(0) = = 0, (II.4.16) 

where {(?„(a:)}„=o,i, 2 ,... is a uniformly bounded sequence of continuous functions. Mul- 
tiplying equation (II. 4. 15) by 2xg'J^x) and integrating the obtained identity from 0 to 

1 with the use of the integration by parts, due to (II. 4. 14) and (II.4.16) we get 

1 1 1 
9n J \gnix)fdx <Ct- j[g'nix)]^dx -2 j xGn{x)g'.^{x)dx , 

0 0 0 

where > 0 is a constant independent of n. Therefore, applying the inequality 

1 

2ah < + 6^, we obtain that there exists Cg > 0 such that f g^(x)dx < Cs for all 

0 

1 . 

numbers n. Hence, Hsf^H < C^ir~^{n + 1)“^, and Lemma II. 4.13 is proved. □ 
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To prove Theorem II.4.5, now it suffices to show the linear independence in 
1 / 2 ( 0 , 1) of the system of functions {u„}n=o,i, 2 ,...- For this aim, let us for each inte- 
ger n > 0 expand the function in i-Fe space £ 2 ( 0 , 1) in the Fourier series: 

00 

Un where aj are real coefficients. Then 

k=0 

00 

m=0 

in the space L 2 ( 0 , 1), where and ?>” = 0 if m (re-fl)(h-f 1)— 1 for all 

= 0, 1, 2, .... Indeed, equality (II. 4.17) obviously takes place in the space L 2 (O, . 

Then, since in view of the properties (a)-(c) from the proof of Lemma II.4.9 the 
function Un(x) is odd with respect to its roots which are precisely the points where 
r = 1, 2, ..., n and since the direct verification shows that the functions 
where A; = 0, 1, 2, ..., are odd with respect to these points, too, equality (II.4.17) also 
holds in the sense of each of the spaces L 2 where r == 1, , 2, ..., n. Therefore, 

it is valid in the sense of the space i/2(0, 1). Also, obviously = ... = = 0 for 

each n and, in view of our acceptation, 6^ = ag > 0 because the functions and e„ 
are of the same sign everywhere. 

Let us suppose that the system {«n}n=o,i, 2 ,... is not linearly independent. Then, 
there exist real coefficients c„, n = 0,1,2,..., not all equal to zero such that 

00 

Ecn«n = 0 (II.4.18) 

n=0 

in the space jC< 2(0, 1). Let the index / > 0 be such that co = ... = c;_i = 0 and c; ^ 0. 
Multiply equality (II. 4. 18) by e; in the space L2(0, 1). In view of (II.4.17) we get: 
b\ci = 0. But as it is proved above 0 and as we supposed c; 0. So, we get a 
contradiction, and the linear independence of the system of functions {un(a:)}n=o,i, 2 ,... 
in the space ^ 2 ( 0 , 1) is proved. Thus, Theorem II.4.5 is proved, too.Q 

2.5 Additional remarks. 

There is a large number of publications devoted to the questions of the existence of 
radial solutions of the problem (II.0.1),(IL0.3). In the papers [71], [96], this problem 
with /(<^^) = (p > 1) is considered. In the paper [71], by using a variational 

method, for N = 3 and 1 < p < 4 the existence of a positive solution is proved. 
Independently, in [96] for the same function /, 1 < p < 3 and iV = 3 a proof of 
existence of a positive solution, based on methods of the qualitative theory of ODEs, 
is contained. In the paper [97] a refinement of the technique of the paper [71] is 
presented; the existence of a solution with an arbitrary given number of roots on the 
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half-line r = |a:| > 0 is proved for iV = 3 and 1 < p < 4. A similar result is proved 
in [82] for nonlinearities of a more general kind. In addition, for p = 5 in the paper 
[71] and for p > 5 in the paper [97], it is proved that there are no nontrivial solutions 
(N = 3). 

In fact, variational methods made it possible for IV = 3 and /((^^) = 
to prove the existence of a radial solution of the problem (II. 0.1), (II. 0.3) with an 
arbitrary given number of roots for 1 < p < 5, but for 4 < p < 5 the proof was 
left incomplete; there remained the question whether the considered solutions are 
bounded in a neighborhood of the point r = 0. This problem was completely solved 
in the paper [83]; it has been proved in this paper that for 1 < p < 5 any positive 
solution is bounded with its first derivative in a neighborhood of the point r = 0, 
i. e. it satisfies the problem (II.0.1),(II.0.3). In fact, methods of this paper also 
hold for solutions with the alternative sign so that we have the result that for any 
1 < p < 5 the problem (II. 0.1), (II. 0.3) with iV = 3 and /(<^^) = ]<^]^~^ possesses a 
solution with any given number of roots on the half-line r > 0. A result similar to 
this is independently obtained in the paper [59]. Methods of the latter two papers are 
also applicable for investigations of radial solutions for Af 3 and for nonlinearities 
similar in a sense to /(^^) = Theorem II. 1.2 was first proved in [98]; 

here for its proving we exploited methods from [110]. 

In the framework of the ODE approach, the problem of the existence of solutions 
of (II.0.1),(II.0.3) with N = 3 and /(<^^) = ]^|'’“^, p € (3,5), has remained unsolved 
for a long time. In the paper [10], an ODE approach was exploited for this aim but the 
principal result on the existence of solutions of the Cauchy problem (II. 1.4), (II. 1.5) 
achieving the zero value on the half-line r > 0 was obtained by a variational method. 
The indicated problem was completely solved by methods of the qualitative theory 
of ODEs by B.L. Shekhter, see [47]. 

Another way of proving the existence of positive radial solutions was proposed 
by W. Strauss in [87]; his method is based on the concept of a symmetrization of a 
nonnegative (non-radial) function from Unfortunately, the author has made a 
mistake stating that the existence of a solution with an arbitrary given number of 
roots follows directly from results of P.H. Rabinowitz [77,78]; it is not so. 

Till now, we have reviewed, with the model example f{^^) = the results 

on the existence of radial solutions of the problem (II.0.1),(II.0.3) in the case — > 

-|-oo as \4>\ — > oo. Another case is considered with Theorem II. 1.2. One more case is 
investigated in the recent paper [110]. In this paper, it is supposed that the function 
g{4i) has a unique positive root, w— /(O) > 0 and there exists a finite lim [w— /(fli^)] < 

0; sufficient conditions for the existence of a radial solution with an arbitrary given 
number of roots on the half-line r = ]x] > 0 are obtained by using methods of the 
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qualitative theory of ODEs. 

The methods of our proving Theorem II.2.1 are close to the methods introduced 
in the papers [2,3,9,71,75,76,82,83,97]. However, to the best of our knowledge there 
is no paper containing precisely our variant of the proof. 

The second problem (not considered in this chapter) concerns the uniqueness 
of solutions. In the literature, there axe only results on the uniqueness of positive 
radial solutions of the problem (II.0.1),(II.0.3). In particular, for the nonlinearity 
g(i^) = u)(j> — the uniqueness of the positive solution is proved in the papers 

[25,54,68]. The final result is obtained in [54]: as it is proved (for g(<f)) = 
oj > 0), the positive solution is always unique (if it exists). We also note that the 
proof of a similar result presented in [83] contains a principal error on page 111. 

Concerning the result from Section 2.4 on basis properties of the system of eigen- 
fimctions of a nonlinear Sturm- Liouville-type problem, to the author’s best knowledge 
this is quite a new field and there axe almost no results in this direction. We only 
mention the monograph by A.P. Makhmudov [62] containing some interesting results 
on this subject and the paper by the same author [63] where the completeness of the 
system of eigenelements of a nonlinear operator equation, arising under small nonlin- 
ear perturbations of a linear problem, is proved. The Bary theorem was in the first 
announced (without a proof) in [5] and proved in [6]. A more thorough discussion of 
questions around this theorem is contained in [39]; the approach of this monograph 
to this theorem differs from the approach in [6]. The first proof of Theorem II. 4. 5 is 
established in [114]. However, in that paper the proof contains essential errors which, 
fortunately, can be corrected. These corrections are published in [119]. Similar prob- 
lems and corresponding results on the property of being a basis for their systems of 
eigenfunctions in L 2 are presented in [115-117]. In [118], a boundary-value problem 
(without a spectral parameter) is considered. In the paper [118] it is proved that the 
system of its solutions, which is denumerable, is a basis in H®(0, 1) where s < Sq and 
So is a negative constant. Also, in [119] an analog of the Fourier transform on the 
half-line a; > 0 over eigenfunctions of a nonlinear eigenvalue problem is considered. 

Here we have presented a proof of Theorem II.4.5 based on the Bary theorem. 
Another natural way consists in an attempt to use the expansions (II.4.17) for this 
aim. This approach is exploited in [118]. However, we note that an example from 
this paper shows that in general the properties of the coefficients 6” (the matrix 
is Upper triangular and all elements of its principal diagonal are non- 
zero) are insufficient even for the system of functions {Mn}rj=o,i, 2 ,... to be complete in 

T2(0,1). 




Chapter 3 

Stability of solutions 



In this chapter, we shall consider questions of the stability of solitary waves. As 
it is noted in the Introduction, usually solitary waves of the KdVE and NLSE are 
unstable with respect to distances of standard spaces of functions as Lebesgue or 
Sobolev spaces and it is natural to study the stability of solitary waves vanishing as 
lar| oo with respect to the distance p in the case of the KdVE and to d for the 
NLSE (for definitions of p and d see Introduction or Section 3.1). We also recall that 
we named a solitary wave u{x,i), where u{x, t) = ^(w, x—wt) in the case of the KdVE 
and u{x, t) = r) for the NLSE, a kink if ®) ^ 0 for all a: 6 f? and a 

soliton-like solution if there is a unique xq£ R such that xo) = 0, xq is a point 
of extremum of x) as a function of the argument x and <j>{—oo) = <^(+oo). 

In the mathematical literature devoted to the stability of solitary waves, the 
pioneer paper by T.B. Benjamin [7] was the origin which initiated further numerous 
investigations in the field. In this paper, the author has proved the stability of soliton- 
like solutions vanishing as x — >• ±oo of the standard KdVE with f{u) = u with 
respect to the distance /?; he called this stability the stability of the form of a soliton- 
like solution. This terminology can be easily understood visually: if a travelling wave 
<f)[x—wt) vanishing as x — > ±oo and a solution u(x, t) of the standard KdVE are close 
to each other in the sense of the distance p for some t >0, then clearly these functions 
can be not close to each other in the sense of distances of usual spaces of functions as 
Lebesgue or Sobolev spaces, however, for this < > 0 there is a translation r — r{t) £ R 
such that the graphs of u{x — T,t) and <j>{x—Lot) as functions of x are almost identical, 
i. e. the “forms of the graphs” of the functions <j){x—U)t) and u(x, t) “almost coincide”. 
Thus, if a soliton-like solution vanishing as |x| — > oo is stable, then for each t > 0 
the forms of its graph and of the graph of an arbitrary perturbed solution sufficiently 
close to it in the sense of the distance p “almost coincide”. In Section 3.1 we consider 
two sufScient conditions for the stability with respect to the distance p of soliton-like 
solutions vanishing as x ±oo for our KdVE. Simultaneously we study the NLSE 
which we suppose to be one-dimensional, i. e. with = 1. 
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As it is noted in Section 2.1, the KdVE under natural assumptions on the 
behavior as a; — > ±oo of derivatives in x of solutions and the NLSE with N — 1 can 
have solitary waves of only two types: these are soliton-like solutions and kinks. In 
Section 3.2 we prove the stability of kinks of the KdVE with respect to the distance 
p under assumptions of general type. 

In Section 3.3 we consider a stability of solitary waves of the NLSE nonvanishing 
as X ±oo. In two cases we prove a stability of a new interesting type. 

3.1 Stability of soliton-like solutions 

In this section, the stability of soliton-like solutions vanishing as x — )• ±oo will be 
considered. We begin with defining the stability of such solutions for the KdVE and 
one-dimensional NLSE. Let 

p{u,v) = inf llu(-) -u(- -r)||i, u,v £ 

T^tt 

and 

d{u,v)= inf m-)-e’'^w(--r)||i, u,v £ H\ 

r€i?i 7€[0,27r] 

where is the real space in the first case and complex in the second. One can easily 
prove that in each case the greatest lower bound is achieved. 

First, we consider the Cauchy problem for the KdVE: 

Ut + f{u)u^ -f- 

^scxx — t £ R, (III.l.l) 

u(x,0) = «o(®); (III.1.2) 

we remark that the proof of the uniqueness of a iL^-solution from Theorem 1.1.3 holds 
for the problem (IIL1.1),(III.1.2) with an arbitrary twice continuously differentiable 
/(■). We also present the following result here. 

Proposition III.l.l Let /(•) be a twice continuously differentiable function and 
let u{-,t) be a H'^-solution of the problem (III. 1.1), (III. 1.2) in an interval of time 
I = [0, a) or I = [0,a], a > 0 (uq £ if a = 0). If there exists C > 0 such that 
||u(-,t)||i < C for all t £ I, then there exists 5 > 0 such that the solution u{-,t) can be 
continued onto the interval [0, a -t- (resp. there exists a H'^-solution of the problem 
(III.l.l), (III. 1.2) in an interval of time [0,<5), ^ > 0, if a = 0). 

Proof. Let /(•) be a twice continuously differentiable function and w(-, f) be a 
solution of the problem (III.1.1),(III.1.2) in an interval of time I = [0, a) or / = [0, a], 
a > 0, bounded in l|M(-,t)Hi < C (the case o = 0 can be considered by analogy). 
Let Cl > 0 be a constant, existing in view of the embedding of into C, such that 
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\g{-)\c < C\ for all g £ obeying ||gr||i < C and let /i(-) be a twice continuously 
differentiable function, coinciding with /(■) for u € [—1 — (7i, 1 + C\] and satisfying 
condition (1.1.3), so that the problem (III.1.1),(III.1.2) taken with / = /i has a unique 
global iJ^-solution Then obviously, since u(-,f) is a JT^-solution of the latter 

problem in I and due to the uniqueness of such a solution, u(-,t) = for t £ I. 

Also, obviously there exists 5 > 0 such that |Mi(-,t)|a < 1 + (7i for t G [0,« + S). 
Thus is a if^-solution of the problem (III. 1.1), (III. 1.2) in the interval of time 

[0,a + 5).D 

oo 

Definition III.1.2 Let /(•) £ |J C'^((— n, n); R), so that in accordance with Propo- 

71=1 

sition III. 1.1 for any uq £ the problem (III.1.1),(IIL1.2) has a unique local 
H'^ -solution, and let — wt), u> £ R, he a soliton-like solution of the KdVE, 

d>(w, •) £ H^. Then we call this solution stable if for any e > 0 there exists ^ > 0 
such that, if Ua £ and p(uo(-), <^(u>, •)) < S, then the corresponding solution u{x,t) 
of the problem (III. 1.1), (III. 1.2) can be continued onto the entire half-line t > 0 and 
one has p(u(',<), <^(a;, •)) < e for all t>0. 

By analogy, consider the Cauchy problem for the NLSE; 

Wj + A« + /(|up)u = 0, x,t £ R, (III.1.3) 

u{x,0) = uo{x). (III.1.4) 

Definition III. 1.3 Let N = 1, the nonlinearity f{\u\'^)u in equation (III. 1.3) 
satisfy condition (fl) from Section 1.2 and let u{x,t) = e"^*<^{x) be a soliton-like 
solution of the NLSE (III. 1.3) where (j> £ . Then, we call this solution u[x,t) 

stable if for any e > 0 there exists S > 0 such that for any ug £ satisfy- 
ing the condition d{uo,(l)) < S the corresponding H^-solution u{x,t) of the problem 
(III. 1.3), (III. 1.4) can be continued onto the entire half-line t > 0 and for all t > 0 
one has d{u(-,t),u[-,t)) < e (the local existence and uniqueness of this solution u{x,t) 
are proved with Theorem 1.2.4). 

Now we consider an application of the concentration-compactness method of 
P.L. Lions to the investigation of the stability of soliton-like solutions. We consider 
the KdVE with f(u) — \u\’' , v > 0. When formulating the following result on the 
stability we assume that v £ [2,4); the requirement i/ > 2 is connected with as- 
sumptions of Theorem 1.1.3 and Proposition III.l.l according to which /(•) is a twice 
continuously differentiable function. However, if one proves or supposes the local 
well-posedness of the problem (III.1.1),(III.1.2) in a suitable sense (for example, in 
the sense of the space H^) for other values of the parameter £ (0,4), then all the 
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arguments from the proof of the theorem below hold. 

Theorem III. 1.4 Let f{u) = |m|" where v € [2,4). Then, for any yi > 0 the 
soliton-like solution <f>{x,t) of the KdVE (III. 1.1) from the family (II. 1.3) is stable. 

Proof. Let us fix an arbitrary ^ > 0. Suppose that the corresponding solution 
(j>{x,t) from the family (II. 1.3) is not stable. Then, there exist e > 0, a sequence 
{fn}n=i,2,3,... C R+ and a sequence {ito”^}n=i,2.3,... from such that p{u^o\ <^|t=o) — *• 0 
as n — > oo and p{‘Un{-,tn),<f\t=t„) > £ where w„(x,t) are Lf^-solutions of the Cauchy 
problem (I1I.1.1),(1II.1.2) with Uq = given by Theorem 1.1.3. 

Let (<^(-,t)l 2 = A > 0. Consider the minimization problem 

lx = inf E(u), 

Hi=A>o 

where the functional E(u) is defined in Section 2.3. According to Theorem II.3.1, it 
has a solution and clearly every its solution satisfies the following equation with some 
a; > 0 and boundary conditions 

u" -i ^-—\u\‘'u = uu, u(±oo) = 0 

1 / + 1 

(the parameter w must be positive because otherwise, as it is shown in Section 2.1, 
the above problem has no nontrivial solutions). As at the beginning of Section 2.1, 
this boundary- value problem has a unique, up to translations, positive solution (f that 
belongs to the family (II. 1.3) with some Ai > 0. Further, since ^ |(^ 2|2 for any 
two functions <f>i and <f >2 from the family (II.1.3) with different values of the parameter 
A, we get that Ai = A and (f = <j> (up to a translation). Therefore, according 
to Theorem II. 3.1, for any minimizing sequence {ri’n}ti=i, 2 , 3 ,... of our minimization 
problem there exists a sequence {yn}n=i, 2 , 3 ,... C R such that iu„(- -f y„) as 

n — > oo. 

Return to our sequence of solutions {Mn}n=i, 2 , 3 ,... of the problem (III. 1.1), (III. 1.2). 
For any n we take v„ = according to Theorem 1.1.3 |u„(-,0)|2 == 

\un{-,tn)\l — > A as n — > oo and £'(u„(-,0)) = £(«„(-, t„)), it is clear that {u„}n=i,2,3,... 
is a minimizing sequence for the above minimization problem, therefore there exists 
a sequence {yn}n=i, 2 , 3 ,... C R such that u„(- -|- y„) converges in to ^ as n — > oo. 
Hence, p{vn,<l>) 0 as n ^ oo. Since 1, we get p(u„(-, t„), i^) — s- 0 as 

n oo, i. e. a contradiction. Thus, Theorem III. 1.4 is proved. □ 

Remark III. 1.5 For the first time. Theorem III.1.4 was proved in the paper [101]. 
In fact, in the papers by T. Cazenave and P.L. Lions [23] and by P.L. Lions [57,58] the 
results on the stability with proofs based on the concentration-compactness method 
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for a NLSE of the essentially more general kind are considered: in particular, a 
multidimensional NLSE, admitting coefficients depending on the spatial variable, is 
investigated in these papers. Here we wanted only to illustrate with an example the 
possibility of applying this method to the problem of the stability of solitary waves. 



Now we consider the “Q- criterion” of the stability of soliton-like solutions van- 
ishing as |x| — > 00 which gives sufficient conditions of the stability close to necessary. 
The name “Q-criterion” originates from the physical literature in which the conser- 
vation law P of the NLSE (Eq in the case of the KdVE) used in the condition of the 
stability has been often denoted by Q. We also rename here the conservation law Eo 

U 

of the KdVE by P and recall that, in the case on the KdVE, f{u) = f f(p)dp and 

0 

= / 7(p)<^p- 

Q 



Theorem III.1.6 Let f(\u\^)u be a continuously differentiable function of the com- 
plex argument u for the NLSE (III. 1.3) with N = 1 (f{u) be twice continuously differ- 

T 

entiable for the KdVE). Let also F(r) = f f(s)ds and let there exist wo € R and 6 > 0 

such that /(O) - wq < 0, /(6^) - «o > 0, - tooP = 0 and F{<IF) — twofF < 0 for 

4 e (0, 6) {resp., /(O) - wq < 0, f{h) -uob > 0, F{b) - '^b'^ = 0 and F{<f^) ~ < 0 

for (j) £ (0,6) for the KdVFI). As it is proved in Section 2.1, under these condi- 
tions there exists a soliton-like solution u(x,t) = e’“°‘<^(wo, r) for the NLSE {resp., 
u{x,t) = <j){u>a,x — Wot) for the KdVFJ) vanishing as x —* ±oo, for which there exists 
^ -^2 and 






oo 

= 2 / <f{uo,x)cl>l{w>o,x)dx. 



If the condition 



> 0 is satisfied, then this soliton-like solution u{x,t) is 



stable. 



u»=a»0 



Remark III. 1.7 A similar statement is obtained in the paper [92] for soliton- 
like solutions with positive functions ^ of a multidimensional NLSE. However, as the 
author of this paper notes, his proof is incomplete when N > I except for several 
cases. For example, in the case iV > 1 and f{x, juP) = |w|p the proof from [92] is 
complete. As we know, for any w > 0 there exists a solitary wave «(», t) = e''^(j>{u, x) 
{u{x, i) = (^(w, X — wt) for the KdVE), where f>{x) > 0 and, according to results of 
the paper [35], f is radial about a point from if p £ (0, {N > 2) and p > 0 
(N = 1,2). The function cf> satisfies equation (II.O.l). Substituting f{x) = wrt>(w5a:). 
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we find in the case of the NLSE: 

An - n + Inpn = 0, w||j,|_oo = 0 

and by analogy for the KdVE. Hence, by the uniqueness of a positive radial solu- 
tion of the problem (II.0.1),(II.0.3) mentioned in Additional remarks to Chapter 2 , 
we have P{u) = f v^{y)dy where «(•) is a fixed function. Thus, > 0 if 

0 < p < ^. According to Theorem III. 1.6 (for A^ = 1) and results from the paper 
[92] (for A^ > 1) the solution u{x,t) is stable under this condition. By analogy, in the 
case of the KdVE with /(«) = |u|^ the condition > 0 is satisfied if p € (0, 4). In 
what follows, we shall show that the instability takes place for the NLSE if p > A. A 
similar result on the instability when p > 4 for the KdVE is proved in [15]. 

Proof of Theorem III. 1.6 . We first consider the NLSE. We can accept that 

/(O) = 0 and, respectively, wq > 0 making the change of variables v(x, t) = e'~‘H^)*u{x, t) 

if necessary, where u{x,t) is a solution of the NLSE (III.1.3). Here we also accept 
00 

that Ijhjlj = / \\h'{x)\^ -{■ u>a\h{x)\^\dx. One can prove that the greatest lower bound 
—00 

in the expression for d(w, u) is achieved at some r = r(t) € R and 7 = 7 (f) G R (we 
remark that generally r and 7 are not unique). We represent a perturbed solution 
u in the form + r{t),t) = ^ + h{x,t) where h{x,t) = v + iw {v,w are 

real). Differentiating the expression for d{u,u) with respect to t and 7 , we get 

00 

I -k 2<f^f{<f>^Mdx = 0, (III.1.5) 

— 00 

00 

J w<j>f{<j)^)dx — 0 . (III. 1 . 6 ) 

—00 

Further, 

A£+^AP = E{u)-E{4>)-\-‘^[P{Hh)~Pm > \{{L^v,v)+{L_w,w)}+a{\\h\\l) 

(III.1.7) 

where a(s) = o(s) as s +0 and L+ = + Wq — [/(i^^) + L_ = 

+ Wo - /(<^^). 

Lemma III. 1.8 There exists C > 0 such that {L^w, w) > C'||r«||j for all w € 
satisfying (III. 1.6). 

Proof. Let w = a(j> + ws. where {f>,ws_) = 0. Then, since <j> is the eigenfunction 
of the operator L_ corresponding to the eigenvalue Ai = 0 , we have 



{L-w,w) = (L_M>x,W±) > A2lu>il2> 



(III.1.8) 
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where X 2 is the greatest lower bound of the positive spectrum of L_; A 2 is positive 
because, since ^ is a positive function, the corresponding eigenvalue Ai = 0 is minimal 
and, hence, is an isolated point of the spectrum of the operator (on this subject, 
see [28]). Then, by (IIL1.6): 

a J (f)^f{^^)dx + J wx<f>f{4>^)dx — 0. 

00 00 

Since f (f>^ f[(f>^)dx = / > 0, we get; 

— 00 —00 

jo| < <7110x12, 



hence |io |2 < <7i|uii|2, and therefore (III.1.8) implies [L-w,w) > <72|ro|2 with some 
C 2 > Q independent of to € For k > Q independent of w we have (M = 

s^p\f{4'^)\) ■■ 

X 



(T_to, to) 




+ ^ + ^o\w\l)- 



Thus, 

(L-w,w) > 

for A: > 0 sufficiently small and independent of to, because for a sufficiently small 

00 

A; > 0 the expression ^(|io'|^ + Uq\w\\) — / xsAf{(jA)dx is not smaller than 



C2 
A: + 1 



— / 

A: + l J 



w^f{f)dx > 



A: 

A + 1 



M)\w\l>0. 



Lemma III.1.8 is proved. □ 



In what follows, we use the condition 

(o,«6) = 0. (III.1.9) 

Lemma III. 1.9 There exists C > 0 such that (T+ 0 , 0 ) > G'HoUf for all v £ 
satisfying (III. 1.5) and (III.1.9). 



Proof. Since clearly <j)' is an eigenfunction of L+ with the corresponding eigen- 
value A 2 = 0 and has precisely one root, A 2 is the second eigenvalue of T+ so that 
there exists an eigenfunction gi{x) > 0 with a corresponding eigenvalue Aj < 0 and 
this eigenvalue is minimal. Let g\ > 0, 52 = 'mf'' t>e eigenfunctions of the operator 
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L+ normalized in L2 and let ij. be the subspace of X 2 orthogonal to gi, g2- Let 
= “S'! + ^92 + <!>uv - kgi + lg2 + v± where <^j_, vj_ £ L±. Then, 

(L+v,v) = Aifc* + (L+vj_, vx). (III.l.lO) 

It follows from the spectral theorem (see [28]) that 

iL+vx,vx)>Ci\vx\l (III.l.ll) 

where Ci > 0 is independent of v. Further, equahty (II.O.l) implies that (j> = —L+4>'^. 
Therefore, by (III.1.9) 

0 = -{4, v) = Xiak + {L+(f>x, vx). 

Hence, using the Schwartz inequality, we obtain 

(X+nx,nx)^(X+^x,«i±)^ > \{L+vx,<l>i.)\ > -Ai|a| |fc|. (III.1.12) 

Using now conditions of the theorem, we find 

0 < = 2{4>A'J) = -2(X+<6„,^„) = -2Ai«= -2(X+^x,?^i). 

Hence, there exists r € (0, 1) independent of v such that 

0 < {L+<t>x, <!>x) < -r\iO^. (III.1.13) 

Combining (III. 1.13), we get the following inequality; 

(X+?;,t;) = AiA;^ + (X+ni,ui) > Ajfc^ + — ^ + (1 - V^)(L+nx, ui) = 

— y/V A\(l^ 

= (1 \=)Xik'^ -\- {1 - ^/r){L+Vx,vx)>C2\kgi-\-Vx\l, C 2 > 0. (III.1.14) 

Now, let us use (III. 1.5). Substituting v — kgi + lg2 + vx into this equality, we 
obtain: 

00 00 
\l^\ I + 2c^^n<l>^)}dx = [Iml J [(CJ^ + = 

—00 —00 

00 

= / <f>'M4>^) + 24,^finkg^ + vx}dx <Cs\kg, + VxU. 

-00 

Thus, ]1| < C^lkgi + uxb- This inequality together with (III.1.14) implies: 

(X+n,v) > Cs|n| 2 , Cs > 0. 
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Proceeding further as at the end of the proof of Lemma III.l , 8 , from the last inequality 
we get: 

(L4n,«)>ClH|J, C>0, 
and Lemma III. 1,9 is proved. □ 

Lemma III. 1.10 [|h(', t)|[i is a continuous function of t. 

Proof . We have for arbitrary and 

= - ^(ii))l|i - IK-,<2) - + ^(*2))||i < 

< - r(f,))||i - ||«(.,t2) - - r(i,))||i < 

By analogy, tjh(',t 2 )l|i - l|h(',ti)||i < ||M(-,ij) hence 

I - ilH-,f2)!li I < IK'.fi)- u(',t3)l|i, 

and Lemma III. 1.10 is proved. □ 

Now we can prove Theorem III. 1.6. Let k = a<f> + kj_ where a = cti + iaz and 
(^, /lx) = 0. Then, the functional 

AP = P{<l>+h)-P{4>)^2aMl + \h\l 

is independent of f; hence 

ki(f)-ar(0)[-(7r| \K;0)\l {■ (III.l. 15) 

Further, by (III. 1.7) and Lemmas III. 1.8 and III.l. 9 

A£ + ^^AP>(7i{|lIm Ax4-a,^||?+|iRe/,x|jD-C3|a,[||Re /ix|ii-C4«? + a(||A||?), 
where lim — 0. Hence, there exists m > 0 sncli that 

4-^ + 0 * 

A£ + ^AP >(-3{||Imftx+n2tJ|!?+||Re/ix|t?), C 3 > 0 , (111.1.16) 

for all functions k sufficiently small in Ff* rvith corresponding coefficients Ui satisfying 
the condition |ai| < m(||Im h± + ajd’lli + liRe hxj|i). 

Also, clearly 

as + ^ap<C'4||a1I^ C4>o, 



(III.1.17) 
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for all h sufficiently small in H^. For an arbitrary 5 > 0 let 0$ be the open neighbor- 
hood of zero in of the kind: 

Os = G '■ |«i| < —S, ||Im h± -t-a 2 <^||i + ||Re hi_\\i < 6 

Let C > mT^ be a sufficiently large constant. Let us prove that 

sup {|oi(t)|-|- ||Im + a 2 ^(-,t)||i + |lRe Ax(-,t)||i} 0 

t>o, lioeH'i h{-,o)eOs 

(III.1.18) 

as d ^ -fO. Suppose this is not right. Then, there exist a (sufficiently small) e > 0 and 
a sequence of solutions of the problem (III.1.3),(III.1.4) with d.„(-,0) € Os„, 

dn +0 as n -> oo, such that either ai„(t„) > eor ||Im din(-,t„)+U 2 Ti(t 7 i)i^(-,tTi)||? + 
||Re for some > 0, n = 1,2,3,.... First of all, (III.1.15) implies 

that for all sufficiently large n we have |ai„(i)| < e until ||Im dxn(-, t)-|-a 2 n(t)i?i(-, t)||i + 
||Re /ixn(-)i)||f < because if |ai„(f)| = « and ||Im h±n{-,t) + a2n{t) <!>{■, t)\\l -f 
||Re /txM(’)f)||i < C^e^, then by (III.1.15) |ai„(t)| < ^ + €56^ which is a contradiction 
because e > 0 is arbitrary small. Hence, according to our assumption, there exist 
> 0, n = 1, 2, 3, ..., such that 

|ain(*n)| <e and Him /lx«(-,in) + «2n(fn)9^(-,in)i|? + ||Re hxn(-,fn)||? = 

Then, we have for all sufficiently large numbers n: 

|nin(^n) I n2[| jim /lXn(*) ^n) d" n2n(tn)^(*j ^n)i{l “f | |Rn ^n)| |l] ) 

therefore, according to (III.1.16), taking a sufficiently large C > m~^ and a sufficiently 
small e > 0 independent of n, we get 

[AE+^AP]l^^^>C,>G 

for all sufficiently large numbers n. At the same time, from (III. 1.17) we get 

[AF; + ^AP] = [AE + ‘^AP] < C 2 d^ 0 as n ^ 00 . 

Thus, we arrive at a contradiction, and relations (III. 1.18) are proved for all t for 
which the solution u(-,t) exists. These relations also yield a priori estimates 

IK^OIIi^c-s, t>0, 

taking place for all solutions u{x,t) of the problem (III. 1.3), (III. 1.4) sufficiently close 
to the soliton-like solution u{-,t) at the point t = 0 in the sense of the distance d and 
for those t > 0 for which these solutions exist. Hence, according to Theorem 1.2.4 and 
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proved statements, any of these solutions is global (it can be continued onto 

the entire half-line t > 0). Thus, for the case of the NLSE the statement of Theorem 
III. 1.6 is proved. 

Let us now consider the Ccise of the KdVE. We can assume, making an appropri- 
ate change of variables, that /(O) = 0 and ujq > 0. Representing a perturbed solution 
u{x.,t) in the form u{x + r,t) = (j>{uJo,x) + h{x,t), where u{x,t) = (j>{uo,x — u>oi) is 
the soliton-like solution under consideration and the parameter r = r(t) is chosen to 
minimize 

|Wx(- + ■r, ^) - <^L(wo, -)l2 + + T,t)~ 4>{u}o, -)li 

we get the constraint 

OO 

j f{(f){uio,x))<f>'^{iJo,x)h{x,t)dx = 0. (III.1.19) 

— <X> 

Also, as in the case of the NLSE 

= Ei(u(.,t)) - •)) + y [P(«(-,t)) - ■))] > 

>(M,h) + 7(||h|K), 

where ^ ^ 0 as s — > -1-0 and L = — ^ -f wq — /((^(wq, •))• Proceeding further as in 
the case of the NLSE, we get the estimate 

{Lh,h)>CM 

for all h € satisfying (III. 1.19) and the condition 

OO 

J h{x)^{u>o,x)dx = 0. 

— OO 

The end of the proof of the stability in this case repeats those for the NLSE. Theorem 
III.1.6 is proved. □ 

Remark III. 1.11 Under the assumptions of Theorem III. 1.6 in both cases of the 
NLSE and KdVE the instability with respect to the above distances takes place if 
<0. In the case of the KdVE it is proved in the paper [15]; for the NLSE, 
in the papers [40,84]. Here we consider these questions only for the NLSE and, to 
simplify our consideration, we focus on the case /(|wP) = jwp. According to results 
from Chapter 2, the problem (II.0.1),(IL0.3) with u; > 0 has a positive solution if and 
only if 0 < p < (to be interpreted as p > 0 for W = 1, 2); in addition, if p satisfies 
these restrictions, then the problem has a radial positive solution <j>. According to 
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Remark III. 1.7, we have to prove the instability of solutions with respect to 

the distance d for p S where N > 3 (p > -^ fov N — 1,2). We present only 

a formal (incomplete) proof. 

Let us use the notation from Section 1.3. First of all, for a given number 
w = Wo > 0 and a positive radial solution <f> of the problem (II. 0.1), (II. 0.3) there exist 
positive constants a and b such that 

\<j>{x)\ + lV^i(a:)| < 

for all X as in Section 2.1. Then, z{t) = 0 for the solitary wave solution u{x,t) — 
x) of the NLSE. Further, one can easily verify that for any e > 0 there exists 
a complex function h — hi + ih^ € such that the following inequalities take place: 

< e, |2 /<^+a( 0) - 2/^(0)l < + h) - E{4')\ < e and 2,^+fe(0) > 

(III.1.19) 

where y,j,+h and Zj,+h are values of the functions y and 2 corresponding to the solution 

e'*‘^°<f>{oJo,x) + h{x,t) of the Cauchy problem (III.1.3),(III.1.4) with uo = <j> + h. Thus, 

we can choose a function h arbitrary small in such that at t = 0 the right- 

hand side of (1.2.19) is not smaller than 1. Further, it is clear that y,j,+h{t) is a 

decreasing function and z^+h{t) is an increasing function of t for all f > 0 for which 

these functions are determined. Therefore, inequality (1.2.19) takes place for all these 

values of t > 0. Hence, the function z,j,+h{t) cannot be continued for all t > 0 and 

there exists T > 0 such that z<f,+h{t) —* +00 as < — » T — 0. Hence, sup |Vu |2 = -l-oo 

ie[o,Tl 

where u{-,t) = e‘*“°<^(wo, r) ■+• h{x,t) and the instability of the solution e‘““V(^o,®) 
of the NLSE is proved. □ 

3.2 Stability of kinks for the KdVE 

In this section, we shall prove the stability of kinks of the KdVE. We recall that 
kinks are travelling waves 4>{u,x — wt) satisfying the conditions (^(.(w, k) ^ 0 and 
|^(w, x)| < C, X E R. We set i^(w,±oo) = <j>±. As it is noted in the Introduction, the 
solutions of this kind are “almost always” stable. It means that they are stable under 
natural assumptions of the general type on the function /(w). Although we consider 
only the KdVE, there is a common main idea in the analysis of the stability of kinks 
for various “soliton” equations; this idea first appeared in the paper by D.B. Henry, 
J.F. Perez and W.F. Wreszinski [42] where a semilinear wave equation is considered. 
Here we exploit this idea, too. It is used for estimates from below of the functionals 
like {h,Lh) (see in what follows). 

Consider the KdVE (III. 1.1). Conditions providing the existence of kinks are 
considered in Section 2.1; for a kink <^(w,x — wt) satisfying equation (11.1. 1) and 
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the conditions i^(±oo) = to exist, it is sufficient and necessary that the follow- 

^ _ 

ing conditions are satisfied (here /(<^) = J f(s)d3, — 0J<j> + U)4>- and 

4,- 



Fi{4>) = / fi{s)ds): 



A:/i(,^_) = /i(^+) = 0; 

B: = 0; 

C; Fi{<f>) < 0 for all <f> € <f>+). 



We also require 

-oj + f{<j>i)<Q. (III.2.1) 

Clearly, condition (III. 2.1) provides the estimates 

\<j>{uj,x) - + \(j>'^{w,x)\ < Ci,C2 > 0 . 

Without the loss of generality we accept that > <j>_. Under conditions A-C 
and (III.2.1) we shall show the stability of the kink x—uit). For this aim we need 
a suitable result on the existence and uniqueness of a solution u(a:,t) of the Cauchy 
problem (III.1.1),(III.1.2) with conditions on the infinity u(±oo,<) = (f>±. This result 
is the following. 



Theorem III. 2.1 Let the assumptions A-C and (III. 2.1) he valid, /(•) be a twice 
continuously differentiable function and a function Uo(-) be such that Wo(') — •) € 

H^. Then, there exist a half-interval [0, a) and a unique solution u{x,t) of the problem 
(III. 1.1), (III. 1.2) such that u{-, t) — ■) e C{[0, a); H"^) n (^^([O, a); H~^). For any 

of these solutions the quantity 



I(u{-,t))= j |iu^(a;,f)-F'i(u(a;,t))|da; 

— 00 

does not depend on t, i. e. the functional /(■) is a conservation law. In addition, if 
the above solution exists on a half-interval [0, a), a > 0, and there exists C > 0 such 
that ||u(-,t) — (^(w,-)||i < C for all t E [0,«), then there exists a (unique) continuation 
of this solution onto a half-interval [0,a + 5), 5 > 0. 

The Proof of this theorem can be made by analogy with the proof of Theorem 
1.1.3 and Proposition III. 1.1. 
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Remark III.2.2 To get a careful definition of solutions u{x,t) from Theorem 
IIL2.1, it suffices to write the equation for the difference u — <j) and formulate a defi- 
nition analogous to 1.1.1. 

Remark III. 2. 3 Since by construction < C{u — (j>±y &s x ±oo, the 

quantity /(«(■, t)) is well-defined. A formal verification of its independence of t is also 
obvious. 

The result on the stability of kinks for the KdVE we consider here is the follow- 
ing. 



Theorem III.2.4 Let f{-) be twice continuously differentiable. Let also conditions 
A-C and (III. 2.1) be satisfied and (j)[u},x—u)t) be the corresponding kink of the KdVE. 
For any w(-) such that u(-) — <f){u>, •) € we set 

p\{u, <f>) = mf {|u^(a;) - x-r)\lA 5 |u(a:) - x - r)|^}, 

where q = max {|/(s)| -1- |w| -|- 1}. Then, the kink <f> is stable with respect to the 
s€['^-,0+] 

distance pq, i. e. for any e > 0 there exists 6 > 0 such that if «o(’) — •) € 

and pq{uo{-),<f{cJ, ■)) < S, then the corresponding solution u{-,t) of the problem 
(III. 1.1), (III. 1.2) from Theorem III.2.1 can be continued onto the entire half-line t > 0 
and for any t > 0 the inequality pq{u{-,t),f>{u,-)) < e takes place. 

Remark I1I.2.5 One can easily see that the stability from Theorem III. 2. 4 is 
again the stability of the form. 

Proof of Theorem III. 2.4 . We first prove the following estimate: 

I{u) - I{^) > Cp]{u, d>) - a{pl{u, f)), (III.2.2) 

where a(s) = o(s) as s ^ -|-0 and (7 > 0 is independent of u. Let u[x, t) = 4>{w, x — 
T — cot) + k{x,t) where t = r(t) € R is chosen for pg{u, (j>) to be minimal (one can 
easily prove the existence of such r). Then, 

A/ = I{u) - I{4>) = 

oo oo 

= IJ {hl + [‘^-fi<l>)]h^}dx-\ I {f{fi-l9h)-m}h^dx = ^Lih)-Ia{pliu,f)), 

— OO — oo 

(III.2.3) 

OO 

where 6 = 9{x,t) € (0,1), a(s) = o[s) as s -fO and h{h) = f hLhdx with 

—OO 
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Now we use the spectral theory of symmetric ordinary differential operators 
(for details, see [28]). The continuous spectrum of the operator L coincides with the 
set [(7, +oo) where a — u: ~ max{/(^+),/(<^_)} > 0. Since > 0 and L<f>' = 
0, the function is the first (positive) eigenfunction of the operator L with the 
corresponding minimal eigenvalue Ai = 0. Hence, the second eigenvalue A 2 is positive 
if it exists. We take 6 = A 2 if A 2 exists and 6 = <r in the opposite case. 

Let h = jj,^' + g where {^' ,g) = 0. We obviously have 

h(h) > h\g\l (III.2.4) 

Further, differentiating p'^{u,(f>) with respect to r at the point of minimum, we find 

00 

J [q — u} + f((j))]^'hdx = 0. 

—00 

Substituting h = gcf)' + g into this equcJity, we easily get 

< Ci\g\2 

which together with (III.2.4) gives 

h{h)>C2\h\l C2>0. 

At last, we get the estimate 

(L/i,/i) > (7311^11?, C3>0, (III.2.5) 

as in the proof of Lemma III, 1.8. Now inequality (III.2.2) easily follows from (III.2.3) 
and (III.2.5). 

The last part of the proof of Theorem III.2.4 is clear. As in Lemma III.l.lO, 
the continuity of ||w(’, t) — ^(w, •)||i yields the continuity of ||/i(-,t)||i as a function of 
t. Take an arbitrary e > 0. Then, in view of the above arguments there exist > 0 
and Q <G < C such tha' 

CII^IIJ < A/<^||/i||J (IIL2.6) 

for all u e : pg{u,<j>) <^q. Let 6 (0, ^ 0 ) be such that < e. Take an 

arbitrary A > 0 for which 06'^ < 8^. Let w(-,0) be such that | [/»(•, f)||i < 6. Then, 
due to (III. 2.6) we have A7 < ^ 1 , therefore, in view of the continuity of ||/i(-,f)||i in 
t, we get 

(III.2.7) 

for all t > 0 for which the solution M(-,f) exists. Thus, by the latter statement of 
Theorem III.2.1 and since due to (III.2.7) 

IK-,t)||i<c' 

in any finite half-interval [0, a) of the existence of the solution «(•,<), the solution 
u(',t) is global in time and Theorem III. 2.4 is proved. □ 
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3.3 Stability of solutions of the NLSE nonvanish- 
ing as |a:| — oo 

In this section, we shall consider two results on the stability of solutions of the one- 
dimensional NLSE (III. 1.3) (with JV = 1) non-vanishing as a; — > ±oo. These solutions 
are space-homogeneous ones $(t) = where Uq > 0, and kinks. As we already 

noted in the Introduction, we shall prove a stability of a new interesting type. We 
begin with studying solutions $(t) = where ao > 0 is a parameter. 

Let c £ R, u(-) £ and u(x) ^ 0 for all a: £ ii (this is valid, for example, if 
w(-) is sufficiently close in to a nonzero constant such as $(t) with a fixed t £ R). 
Then, one can easily verify that there exist a unique real-valued function a(-) £ X^ 
and a function w(-), absolutely continuous in any finite interval and unique up to 
adding 27rm, m = 0, ±1, ±2, ... to it, such that 

u(x) = (ao 4- a(a;))e’f'+“^^)] (III.3.1) 

and that ao + ^(a:) = lu(a:)| > 0 for all a: £ R; in addition, due to the relation 

u'(x) = [a'(x) -h i{ao + a(x))w'(x)]e’f°'*'“^®^l, (III.3.2) 

we have (ao4-a(-))a;'(-) £ L 2 . In particular, if 0 < ci < ao+a(-) < C 2 < +00 for all x £ 
R, that for example occurs if ||a(-)||i is sufficiently small, then w'(’) € L^. Conversely, 
if for a complex-valued function u{-) there exist real-valued functions a(-) £ X^ and 
oj(-), absolutely continuous in any finite interval, such that (ao -f a(-))w'(-) £ L 2 , 
tto -f a(a;) > 0 for all x € 1? and that (III.3.1) with some c £ R takes place, then 
“(•) € X^ and u{x) ^ 0 for all x £ R. The result on the stability of solutions $(t) we 
consider here is the following. 

Theorem III.3.1 Let N = I, /(|«P)w be a twice continuously differentiable func- 
tion of the complex argument u, /(•) be a real-valued function and /^(fflo) < 0 
some Oo > 0. Let 60 > 0 be such that la(-)lc < ^ if o,{-) G and |la(-)||i < 60 . 
Then, the solution $(t) = aoe’A“oh of the NLSE (III. 1.3) is stable in the following 
sense: for an arbitrary e £ (0,5o) there exists S £ (0,^o) such that, if uo{-) € X^ , 
uq{x) ^ 0 and uq{x) = (oo-t-a(x))e'“(®) where a{x) = |uo(x)| — oq £ ll«(‘)lli < ^ 

and lw'(-)l 2 < 8 , then the corresponding X^ -solution u{x,t) of the Cauchy problem 
(III.1.3),(III.1.4) given by Theorem 1.2.10 can be continued onto the entire half-line 
t > 0, u(x,t) 0 for all x £ R, t > 0 and for any fixed t > 0 the functions a{x,t) 
andu){x,t) in the representation 

u{x,t) = (ao 4- a(x,t))e*t^(“»^+“(^'‘)l 
satisfy the following; a{-,t) £ H^, ||o(-,t)||i < e and |w(,(-,t )|2 < e. 
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Proof. Let first A; > 1 be integer and uo(-) € If we suppose a sufficient 
smoothness of the function /(|uP)u, then, according to Theorem 1.2.10, there exists 
a unique (local) X^-solution of the problem (III.1.3),(III.1.4). Clearly, for any integer 
I = 1,2, ...,k this problem has a unique local XCsolution which, of course, coincides 
with the X^-solution in all intervals of the existence of both solutions. Let positive 
Tx,T 2, ...,Tk be such that, for any I = \,2,...,k, [0,7)) be the maximal half-interval 
of the existence of the J*fLsolution. Clearly, Ti > P 2 > ••• > 2i > 0. 

Lemma III.3.2 Under the above assumptions Ti = T2 = ... = T^ = T > 0. 

Proof. Due to the inequality 

< C,'(|||«|||/-r) + Cl'i\\\u\\U)\~u\^, 

we have 

t 

llhllli < Ci(max |||u(qs)|||,_i)-hC2(max|||u|||i) / |||w(.,s)l||;ds 

se[o,<] 36[o,t] J 

0 

which step by step implies the statement of Lemma III.3.2.D 

Let I{u) = J (|up — a^'^dx. 

—00 

Lemma III.3.3 Let the assumptions of Theorem III. 3.1 he valid and let I{uq) < 
00 for some uo € X^ and the corresponding X^ -solution u{x,t) of the Cauchy problem 

(111.1.3) 1(111.1.4) exist for t € [0,to). Then, I(u[-,t)) < 00 for all t £ [0,to) and this 
function is continuous in t. 

Proof. At first let uq € X^ and /(|mP)w be a four times continuously differ- 
entiable function. For the corresponding J'f^-solution u[x,t) of the Cauchy problem 

(111.1.3) ,(IIL1.4) given by Theorem 1.2.10 we formally have: 

b 

^ a + 2i j {u^ul - ulu^))dx) . 

—a 

Then, according to the standard result, since 7(u(-,0)) < 00 and the limit in the 
right-hand side of the latter equality is uniform with respect to t from an arbitrary 
closed subset of [0,to), I{u(-,t)) < 00 for ail t € [0, to) and the function I(u(-,t)) is 
continuously differentiable in t. Now the statement of Lemma III.3.3 can be obtained 
for Uq £ X^ by the passage to the limit over a sequence of smoothed functions uo and 
/(|«P)u converging to non-smoothed ones.D 
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Lemma III.3.4 Let the assumptions of Theorem III. 3.1 be valid, uq G and 
the corresponding -solution of the problem (III. 1.3), (III. 1.4) exists fort G [0,io)- 
Let 

oo 

M{u)= J + + 

—00 

t f 2\ ^ 

where D = — 2^cSo + ^(®o) ~ 2 I f{p)^P- V ^(“0) < 00, then the quantity 

0 

M(u[-,t)) is determined for all t G [0,to) and independent oft. 

Proof. One can easily verify that, since I{uq) < 00 and because 

-[/(|up) + ^|wp + i> < C'(u)(|u| - aof , 

the quantity M{uo) is determined. Let first Mq G X^, /(|up)u be a four times contin- 
uously differentiable function, and let u{x,t) be the corresponding X®-solution of the 
problem (III.1.3),(III.1.4). Then, the formal differentiation shows that -NW''*)) — g, 
hence indeed M(u(-,t}) is determined and independent of t. For a twice continuously 
differentiable function /(|up)u and wq € X^ one can easily obtain the statement of 
Lemma III.3.4 by a passage to the limit over sequences of smoothed functions uq and 
/(|up)u as in the proof of Lemma III.3.3.n 

Let uq € X^ be such that /(«o) < 00 and uo{x) ^ Q, x E R. Let also [0,to) 
be the maximal half-interval such that the corresponding Jf^-solution of the problem 
(III. 1.3), (111. 1.4) exists for t E [0,fo) and is nonzero for these values of t and x E R- 
Then, in view of Lemmas III.3.3 and III.3.4 for t E [0, to) we can rewrite the functional 
M{u) in the following form: 

M(u(-,<)) = M{u{;t)) - M($) = Ml + M2 + M3, 

00 

where Mi(u(-,t)) = 5 f {al(x,t) — 2a^(x,t)a^f'(al)}dx, M 2 (u(-,t)) — 

— 00 
00 

= \ J ^l{x,t){ao + a{x,t)fdx, Ms(u(-,t)) = a(||a(-,t)|p) 

—00 

and lim = 0 (here u{x,t) = (ao-)-a(a:,t))e*If^“o^*+“(®'‘)J where ao-fa(a;,t) > 0 and 
for any fixed t as functions of x the function a{-,t) belongs to H^ and the function 
u>(x,t) is absolutely continuous in an arbitrary finite interval). 

By Lemma III. 3. 3 ||a(-,t)|li is a continuous function of t G [0,to)- Also, in view 
of the condition of the theorem /'(oq) < 0, there exists C > 0 such that 



Mi(u)>C||a|p, aEHK 



(III.3.3) 
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Take an arbitrary e £ ( 0 , ^o) and let H(s) = Cs^ + a(s^) where C > 0 is the constant 
from the estimate (III. 3 . 3 ). Then, there exists Si £ ( 0 , e) such that H{s) > js^ for 
any s £ ( 0 ,di). By the above arguments, there exists S2 £ ( 0 , ^i) such that 

if ||a(-, 0 )||i < 62 and |w^('>0)[2 < ^2. Then, using the continuity of ||a(-,i)||i, we get 
for such initial data ||a(-,t)||i < < e for all t £ [0,to)- 

At last, in view of the equality 

^\u^(ao + a)|2 = M{u) - Mi{u) - Ms{u) 

we get |w^(-,t)|2 < e if l|a(-,0)||i < 62 and |u;^(-,0)|2 < S2 where (^2 > 0 is sufficiently 
small. Therefore, for these initial data by (III. 3 . 2 ) there exists ( 7 i > 0 such that 
|j|u(-,f)|||i < Cl for all t £ [ 0 ,to). Thus, to = +00, and Theorem III. 3.1 is proved. □ 

Corollary III. 3. 5 Let the assumptions of Theorem III. 3.1 be valid. Then, the 
solution $(f) is also stable in the following sense: for any e £ (0,^o) (an arbi- 
trary large) d > Q there exists 6 £ (0,6'o) such that if Uo £ X^, |uo(-)| — oo € H^, 
II |uo(-)| — ao||i < So (consequently uo(x) = (uq + a(x))e’'^^^^ where w(-) is a real- 
valued function absolutely continuous in any finite interval and w'(-) £ L2) and for 
the corresponding -solution u{x,t) of the problem (III. 1 . 3 ), (III. 1 . 4 ) given by The- 
orem 1 . 2.10 ||o(-, 0 )||i < S and |w(,(-,0)|2 < S, then for any t > 0 and Xo £ R there 
exists 7 7(a;o, t) such that 

||w(',t)e ^(t)||i/l(2;o— ^ 

Proof immediately follows from the proved Theorem III.S.l.D 

Remark III. 3.6 The assumptions of Theorem III. 3.1 are valid, for example, 
for /(s) = —s. According to this theorem, the corresponding solutions $(t) = 
aoe“‘“o*, Uo > 0, are stable. 

Now we consider the stability of kinks for the NLSE. Let f{\u\^)u be a continu- 
ously differentiable function of the complex argument w, /(•) be a real- valued function 
and let w, <(>- and 4>+ be such that the following conditions are satisfied: 

(a) (j>-,4>+> 0; 

(b) -cJ+/(<^l^) + 2^|/'(^|)<0i 

(c) -oJ -t- f{<f>l) = 0; 

(d) -1^2 + ^ ^ l//(r)dr; 

0 
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(e) -fs" + U{s^) < + U{f_) for all 5 e <f>+). 

As it is shown in Section 2.1, conditions (c)-(e) provide the existence of a kink u{x, t) = 
e’“‘^(x) of the NLSE (III. 1.3) with i^(±oo) = <j>±. As it is well-known, condition (b) 
implies the existence of c > 0 such that 

lim Mx) — = lim [^(x) — <^+]e“ = lim (j>'{x)e~’^^ = lim i^'(a;)e“ = 0. 

The assumption (a) is technical; we shall need it in what follows. We also suppose 
for the definiteness that 

Let a function g{x) be such that g(-) — 4>{') 6 H^- We denote by tq a real 
number minimizing the function || 5 '(- — r) — <^(-)l|i (since <j>[- — r) — <j>{-) 6 H^ , we 
have g{- — r) — = g{- — t) — (!>(■ — r) -t-<^(- — t) — £ H^). Of course, as earlier, 

generally speaking. To is non-unique. 

Let a -solution u{x, t) of the NLSE (III.1.3) be such that |u(-,t)| — (j>{-) € 
for some t > 0. We set v(x,t) = u{x — To,t), where tq is taken for g{x) = |M(a;,t)|, 
and a{x,t) = |v(o;,t)| — <f>{x). As earlier, if |la(-,t)||i is sufficiently small, then 
0 < cx < (j){x) -f- a{x, t) < C 2 < 00 for this value t and respectively there ex- 
ists a real-valued function w{x,t), absolutely continuous in an arbitrary finite in- 
terval and unique up to adding the term 2irm, m = ±1,±2, to it, such that 
v(x,t) = (i^(a:)d-o(x,t))e't“*'''"(®’*)l. Since v(-,t) G and v'^(x,t) = [<^'(a;)-|-a^a;,t)d- 
i(<f)(x) + a(a;,t))w^a:,t)]e‘f^+"(®’*)l, we have G L 2 if |ja(-,t)||i is sufficiently 

small. By analogy, if u{x,t) ^ 0 for some t > 0 and all x £ R, where u{x,t) is a 
A’^-solution of the problem (III.1.3),(III.1.4), then we can introduce u){x,t). 

Theorem III.3.7 Let N = 1, /(luP)w be a twice continuously differentiable func- 
tion of the complex argument u and let the assumptions (a)-(e) be valid. Then, the 
corresponding kink u(x,t) = e"^(j>[x) of the NLSE (III. 1.3) is stable in the following 
sense: for any sufficiently small e> 0 there exists a sufficiently small ^ > 0 such that 
ifuo £ X^, |mo(-)| — ^(-) G ||a(-,0)||i < 6 «nd|w^-,0)|2 < b, then the correspond- 
ing X^ -solution u{x,t) of the problem (III.1.3),(III.1.4) is global (it can be continued 
onto the entire half-line t > 0) and for any fixed t > 0 one has |u(-,t)| — , 

ll«(-!^)lii < « |w(,(-,t )|2 < e. 

Proof. Consider the functional 
00 

= J + ||w(^)|^ + dx, 

—00 

where Di = +f/(<^?.). One can easily verify that for the quantity M(u(-)) to be 

determined for a function w(-) G it is sufficient and necessary that |u(-)|— ^(-) G L 2 . 

Lemma III.3.8 Let u(x,t) be a X^-solution of the problem (III. 1.3), (III. 1. 4) in 
an interval of time [0,to) nnd let |m(-,0)| — <j>{-) £ L 2 . Then, |u(-,t)| — £ L 2 for 
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all t € [0, to) so that the quantity t)) is determined for all t £ [0, to) and, in 

addition, independent oft. 

Proof. Let first /(Iwp)u be a five times continuously differentiable function, uo € 
X* and u{x,t) be the corresponding X‘*-solution of the problem (III.1.3),(III.1.4). 
Then, the direct calculation shows that hence, the quantity M(u(-,t)) 

is determined and independent of t € [0,to)- For a X^-solution we get the statement 
of the lemma by a passage to the limit over a sequence of smoothed functions /(|«P)m 
and Uo converging to the non-smoothed ones.n 

For Uo £ X^ nonequal to zero and such that |uo(')l ~ ‘^(‘) G have 

AM ^ M(uo) - M{d>) = M{v) - M{4.) = Mi + M2 + M3, (III.3.4) 



where 

00 00 

J {al + iZJ- f{4^) - 2<t>-^f{f,^))a^}dx, = \ j + afdx, 

— 00 —00 

00 

= aHf{4>") + 2<j>'^f{<j>^)-f{{4> + 0aY)-2i<j> + ea)^f{if> + ea)^)dx (III.3.5) 

—00 

where 0 = 0(x, t) £ (0, 1). 

Lemma III. 3. 9 There exists Ci > 0 suck that Mi{g) > C\\g \2 for all real-valued 
g £ H^ satisfying the condition 

iff,<l>') = 0- (ffl.3.6) 

Proof. Consider the operator L<f> = —g>" — q{x)tp where q{x) = — w + f{(j>^) + 
2<jFf'{ifF). Let qi- = — w + f{4>X) + 2(f>\f'[(j)\). By condition (b) we have q± < 0. 
The continuous spectrum of the operator L fills the half- line [&, -foo) where h — 
min{9_; 5+} > 0 (see [28]). Further, it follows from equation (III. 1.3) that <j>'{x) is an 
eigenfunction of the operator L with the corresponding eigenvalue Aq = 0; in addition, 
since <j)'{x) is of constant sign, Aq is the smallest and isolated eigenvalue of the opera- 
tor L. Hence, it follows from the spectral theorem that Mi{g) = [g,Lg) > Ci\g\\ for 
all g £ satisfying (III.3.6), and Lemma III.3.9 is proved.n 



The number tq was defined as a point of minimum of the function R{r) — 
|m(- — T, t)| — ^(■)l|i. Therefore, 



Q^{R\r)) 



CO 

-2 j a{x,t)d>'{x)[q -ai+ f{(jV) -f 2<t>^ f'{f>^)]dx. 
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We take q = sup jw — f[<f>‘^{x)) — 2<f^{x)f'{(f>^{x))\ + 1 and 

oo 

—CO 

Lemma III.3.10 Mi(g) > C 2 \g^, where C 2 = Ci{l + K)~^ , for all real-valued 
g E sai'sfying the condition 

OO 

J 9 {x)(l)'ix){q -U+ + 2<f^(x)f{^'^{x)))dx = 0. (IIL3.7) 

— CO 

Proof. Represent an arbitrary function g E satisfying (III. 3. 7) in the form 
g = acf)'-\-<p where ip) = 0. Then M\{g) = Mi{q>) > Ci \p>\\. We get from condition 
(III.3.7): 

OO OO 

“ J + f{4'‘‘) + '24'^ f{4’^)]dx+ J (pd>'{q~i3Y f{4'^) + 24‘^f{(l)‘^)]dx = Q, 

— 00 —00 



hence, 



/ cp<l>'[q-U+f{<l>^) + 2<i>^f'mdx 



a\ \4'\2 = \4'\2 



—OO 

00 



< 



< \v>\2 \4'\2 



f <l>’^[q-u + + 2(j)‘^f'{(f>^)]dx 

— OO 

mq-uj-Lfir)+2rfm\, 

K \^\2 

f 4'^[q - w + f{<p) + 243f'{4?)\dx 



In addition < |a| \(j >'\2 + \<p \2 < (1 +if)|y7|2. Thus Mj(y) > Ci\'p\l > Czlfflz, and 
Lemma III. 3. 10 is proved. □ 



Lemma III.3.11 There exists C7s > 0 such that Mi{g) > C'sH^fH^ for all real- 
valued g E satisfying (III. 3.7). 

Proof. The inequality M\{g) > C'zifl'Il from Lemma III. 3. 10 implies the following 
inequality with an arbitrary fe > 0; 

OO 

"■<«> - + (TTt)'®'’ + 2(1^ / 



Hence, 



Mt{g) > 






2 C 2 — kq 
2(1 + k) 



1^1 



2 

2‘ 
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Thus, taking a sufficiently small A: > 0, we get Mi[g) > (73115111 with some Cz > O.D 

Lemma IIL3.12 There exists a nondecreasing function L{s) of the argument s > 

0 such that lim L{s) = 0 and |M3(5)| < |l5||?L(||5||i)- 

s— »-{-0 

Proof is obvious. □ 

Lemma IIL3.13 For any e > 0 there exists a sufficiently small 6 > 0 such 
that — M(d))\ < e for any nonzero un(-) 6 satisfying the conditions 

|uo(-)l - H-) G l|a(-,0)lli < 6 and |w'(-,0)l2 < 6. 

Proof follows from Lemma III.3.12 and relations (III.3.4) and (III.3.5).0 

Lemma IIL3.14 Let Mq € be such that o(-,0) = |u(-,0)| — cj>{-) £ and 
the corresponding X^-solution u{x,t) of the problem (III. l.S), (III. 1.4) exist in a half- 
interval of time [0,fo)- Then, = |w(-,()i — <!>(■) 6 for all t £ [0,fo) o-nd 

||a(-,t)l|i is a continuous function oft. 

Proof. It follows from the formal inequalities 

lK-,(i)||i - IK, (2)112 = + r{h)) - K,(a)| lb - Il^(- + r((2)) - |u(-,(2)| l|i < 

< M- + r{t2)) - |u(',(l)l 111 - 11«^(- + t((2)) - lw(-,(2)l 111 < II lw(-,(l)| - K-,(2)| 111 

and Lemma III.3.8 that it suffices to prove that |u(-,(i)| — |u(-,(2)l € H^ for any 
(1,(2 £ [0,(0) and that lim || |u(-,(2)l — 1 m(’,(i)| l|i = 0- The first claim follows 

i2^ti 

from the fact that |u(-,()| — f>(-) £ H^. To prove the second, consider the expression 
00 

J{u) = f [|u(a;)|^ — <f)'^{x)Ydx. Clearly, if J[u{-,t)) is determined for t £ [0,(q) and 
— 00 

continuous in t, then the second claim holds. 

If f{\u\‘^)u is a sufficiently smooth function and Uo £ X^, then for the corre- 
sponding A^-solution u(x,t) we have cis in the proof of Lemma III.3.3 that 
is a continuously differentiable function of ( £ [0, to) and 

00 

~ J ~ + 2(f)(j)x{uux - u,^u)\dx. 

—00 

For an arbitrary A^-solution u{-,i) of the problem (III.1.3),(IIL1.4) satisfying the 
condition o(-,0) £ we get the same property and relation by passing to the limit 
over a sequence of smoothed solutions. □ 

Let us prove Theorem IIL3.7. Let [0,(o) be the maximal interval of the existence 
of a A^-solution of the problem (III.1.3),(III.1.4) satisfying |u(-,0)| — 4>{') G 




102 



CHAPTER 3. STABILITY OF SOLUTIONS 



||a(-,0)|li be sufficiently small and let H{s) = Then, due to (III.3.4), 

(III. 3. 5) and Lemmas III. 3. 11 and III.3.12 

AM(t)>.ff(lK-,t)(|i). (III.3.8) 

By Lemma III. 3. 12 there exists i5i > 0 such that H{s) > for all s G (0, 5i) 
and that |5(-)|c < % ^ satisfying |ifl'(-)!li < <^i- Take an arbitrary 

e G (0, di) and apply Lemma III.3.13, according to which there is 62 S (0, e) such that 
AM < if ||a(-,0)||i < ^2 and |w^(-,0)|2 < 62- Then, by Lemmas III. 3. 11 and 
III. 3. 14 and inequality (III. 3.8) ||a(-,t)||i < e for all t G [0,to) if ||a(^0)l|i < ^2 and 
|w^(-,0)|2 < 62- Observe also that 



0 < K(-,t)|2 < Ci{AM - Ml - Ms) 0 

uniformly in i G [0,io) as ||a(-,0)|li + |n>^(-,0)|2 0. Thus there exists C7 > 0 

such that ||lu(-,t)||li C for all t G [0,io) for each solution u{x,t) of the problem 
(III. 1.3), (III. 1.4) sufficiently close to the kink at the point t = 0 in the above sense, 
i. e. these solutions are global. Theorem III.3.7 is proved. □ 

Remark III. 3. 15 Theorem III. 3. 7 was first proved in the paper [106] where also 
the case 0 = <^_ < is considered. If <^_ < 0 < (f>+, then our method of proving 
the theorem does not work since it is impossible to represent an arbitrary perturbed 
solution u{x,t) in the form u{x,t) = {4>{x) + a(a;,t))ed‘*'*+“l‘''*)l because a perturbed 
solution can have no root but the right-hand side of this representation has a root 
X = x(t) if a(-,t) G 77^. 

Remark III. 3. 16 Now we want to comment Theorems III.3.1 and III. 3. 7. First 
of all, we observe that the smallness of |a>^(-,t)|2 for a fixed t does not mean that 
oj(x, t) as a function of x is close to a constant, it can be even unbounded as one can 
easily verify. At the same time, as in the Corollary III.3.5, for any e > 0 and d > 0 
there exists d > 0 such that, if |w(.(-,t)|2 < d, then [w(xi,t) — w(x2,t)| < e for any Xi 
and X2 for which jxi — X2I < 2d so that the function ui{x,t) is close to a constant in 
any interval (xq — d,xo + d) of the length 2d tending to -|-oo as |a>^(-, t) [2 — + 0, but the 
constants, the function w(x, t) is close to, can be different for intervals (xi — d,xi + d) 
and {x2 — d,X2 + d), if the difference |xi — X2I is sufficiently large. Thus, roughly 
speaking, in each case of Theorem III.3.1 or III. 3. 7 the structure of a perturbed 
solution sufficiently close to the unperturbed one at f = 0 is close to the structure of 
the unperturbed solution in any above bounded interval but phases of the perturbed 
solution can be shifted from one another in two such intervals if these intervals are 
sufficiently far from each other. 
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3.4 Additional remarks 

Partially results presented in this chapter are also contained in the monographs [43,88] 
and in the review [95]. In [14], some small corrections to the paper by T.B. Benjamin 
[7] are made. Also, in [8] the stability of travelling waves periodic in the spatial 
variable x of the KdVE is considered. In the case of the NLSE the distance d(-, •) was 
first introduced in [21,23] and, independently, in [100]. 

In Section 3.1 we have obtained a sufficient condition for the stability of soliton- 
like solutions vanishing as |x| oo called the “Q-criterion” . Probably this result was 
first rigorously proved in the paper [92] (it appeared earlier like many other results 
on the stability of solitary waves without a rigorous proof in the physical literature). 
We have studied only the one-dimensional case = 1. In fact, a similar statement 
for the multidimensional NLSE is used in physical literature (see, for example, [61]). 
However, as it is already noted, in the multidimensional case such a result is rigorously 
proved only in several particular situations; the difficulties are partially related to our 
insufficient knowledge about the stationary problem (II. 0.1), (II. 0.3) (in particular, to 
investigate the stability, we need the uniqueness of a positive solution of the latter 
problem). 

Another approach *^o the investigation of the stability of soliton-like solutions 
vanishing as lx| ^ oo is based on the concentration-compactness method by P.L. 
Lions, Although we have considered an application of this method in a simplest 
case, currently it finds applications to essentially more difficult problems, for exam- 
ple, multidimensional (and sometimes nonlocal). However, it should be noted that 
attempts to apply this method to the problem of the stability of solitary waves some- 
times meet difficulties similar to those which occur in the case when we deal with 
the “Q-criterion” and related, for example, again to the problem of the uniqueness of 
stationary solutions. 

Another problem we almost do not touch upon in this chapter is the instability. 
We remind that, roughly speaking, the inequality > 0 provides the stability of 
a soliton-like solution u. In the case when we have the opposite inequality < 0, 
the instability is proved in [15] for the KdVE and in [40,84] for the NLSE though 
proofs from these papers again meet difficulties in the multidimensional case. We 
refer readers to this literature. 

Several papers (see, for example, [22,81]), in which the concentration-compactness 
method is not used, are Oevoted to the investigation of the stability of solitary waves 
for a multidimensional NLSE with coefficients depending on the spatial variable. 

As it is known to the author, there are almost no results on the stability of 
solitary waves of the NLSE non-vanishing as |x| — > oo. In Section 3.3 we have 
presented two results in this direction. 




104 



CHAPTER 3. STABILITY OF SOL UTIONS 



Finally, we mention the papers [12,40,84,93] where the problem of the stability 
of solitary waves for the equations under consideration is reduced to abstract problems 
of the stability in abstract spaces with further applications of the obtained results to 
the original equations. 




Chapter 4 

Invariant measures 



Invariant measures are the basic tool in the theory of dynamical systems. In the 
case when a dynamical system is finite-dimensional (more precisely, when the phase 
space of a dynamical system is a compact metric space) the classical result by N.N. 
Bogoliubov and N.M. Krylov states the existence of a nonnegative normalized invari- 
ant measure (see [13,52] and, also, [72]). By analogy, as it is well known, a finite- 
dimensional Hamiltonian system possesses a Liouville invariant measure. Another 
situation occurs when the phase space of a dynamical system is infinite-dimensional. 
Of course, there is a natural interest whether invariant measures exist in this case, 
too. Numerous recent papers are devoted to proving the existence or constructing 
such measures in the infinite-dimensional case when a dynamical system is generated 
by a nonlinear partial differential equation. In this chapter, we illustrate these inves- 
tigations for the NLSE and KdVE with our two results. Some other literature on this 
subject is indicated in Additional remarks. 

Now we mention some applications of invariant measures we consider. First, 
these objects are used in [55,65,67] for constructing statistical mechanics of nonlinear 
wave equations (in [55], without a proof of the invariance). Second, a bounded in- 
variant measure for a dynamical system generated by a nonlinear partial differential 
equation allows to give an explanation (partial) of the Fermi- Pasta-Ulam phenomenon 
well-known in the theory of nonlinear waves. For a description of this phenomenon in 
detail we refer readers to the paper [73]. Briefly, these authors considered a chain of 
mass points on the circle where each mass point interacts with the neighboring mass 
points by a nonlinear law. Roughly speaking, they observed (by computer simula- 
tions) that the configuration of this system becomes arbitrary close to the initial at 
some moments of time — > oo. Later, a similar recurrence of trajectories was found 

(mainly again by computer simulations) for many “soliton” equations with suitable 
boundary conditions and it was ca;lled the Fermi-Pasta-Ulam phenomenon. An analo- 
gous property of trajectories of a dynamical system is called the stability according to 
Poisson. If one has a bounded (nonnegative) invariant measure for a corresponding 
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dynamical system, then the Poincare recurrence theorem (see below) explains this 
phenomenon partially. 

Now we present a definition of a dynamical system. In the literature, there are 
different definitions of this concept and we choose the following. 

Definition IV. 0.1 Let M be a complete separable metric space and let a function 
g \ R X M I — > M for any fixed t be a homeomorpkism of the space M into itself 
satisfying the properties: 

1) g{0, x) =: X for any x E M; 

2) g{t,g{r,x)) — g{t + r,x) for any t,r E R and x E M. 

Then, we call the function g a dynamical system with the phase space M. If p is a 
Borel measure defined on the phase space M and p{H) = p(g{^, t)) for an arbitrary 
Borel set ft C M and for all t E R, then it is called an invariant measure for the 
dynamical system g. 

This definition is sufficient for our goals. In particular, with it the Poincare 
recurrence iheorem is applicable. For definitions of Borel sets and measures, see the 
next section. Also, Proposition IV. 1.1 provides the correctness of our definition of an 
invariant measure. 

Definition IV. 0.2 Let h{t, ■) 5e a dynamical system with a phase space M. Then, 
we say that a trajectory h(t, x), where x E M is fixed and t runs over the whole real line 
R, is positively ( or negatively) stable according to Poisson if there exists a sequence 
2,3,... tending to +oo as n —y oo such that h[tn,x) -+ x (resp. h{—tn,x) x) 
in M as n — > oo. We say that a trajectory is stable according to Poisson if it is 
positively and negatively stable according to Poisson. 

In this chapter, speaking about applications of constructed invariant measures, 
we concentrate our attention on recurrence properties of trajectories of correspond- 
ing dynamical systems, generated by the KdVE or the NLSE, following from the 
Poincare recurrence theorem. We call a nonnegative Borel measure in a metric 
space M bounded if p{M) < oo. 

Poincare recurrence theorem Let h be a dynamical system, the phase space of 
which is a metric space M , and let p be a nonnegative bounded invariant measure for 
this dynamical system. Then, almost all points of M (in the sense of the measure p) 
are stable according to Poisson. 
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This result is well known. We refer readers to the numerous literature for its 
proof (see, for example, the monograph [72]). 



4.1 On Gaussian measures in Hilbert spaces 



In this section, we mainly consider only those properties of Gaussian measures which 
are used in the next sections. We refer reaxlers to the monographs [27,85] and the 
review paper [32] for an advanced theory of measures in infinite- dimensional spaces. 
AU the information from the general measure theory to be used further is contained 
for example in the book [41]. Here we briefly recall some basic facts of this theory. 

Let X be an infinite set and .4. be a set of some subsets of X. We call A an 
algebra if the following two conditions are satisfied: 

1 . <H,XeA] 

2. AU B and A\B belong to A ii A, B € A. 

CO 

We call an algebra A a sigma-algebra if A = f) A„ £ A for any A„ 6 A{n = 1,2,3,...) 

n=l 

such that Ai D A 2 D ... D An D ■■■■ It is known that if A is a sigma-algebra, then 

00 CC 

for any A„ € A (n = 1,2,3,...) one has \J An £ A and f] A„ £ A. It is known, 

n=l n=sl 

too, that for any algebra A there exists a unique sigma-algebra M. containing A and 
contained in any sigma-algebra containing A; this sigma-algebra is called the minimal 
sigma-algebra containing A. 

A nonnegative function u defined on an algebra A and satisfying u{A li B) = 
u(A) -|- u{B) for any A,B £ A satisfying A fl i? = 0 is called an additive measure 
defined on A. If /i is a nonnegative aAditive measure on A such that lim ju(A„) = 0 



for any A„ € A (n = 1,2,3,.,.) for which Ai D A 2 D ... D A„ D ... and Q A„ = 0, 

71=1 

then the measure is called countably additive on the algebra A. If a measure /i 
is countably additive on an algebra A, then there exists its unique extension onto 
the minimal sigma-algebra A4 containing A such that this measure is countably 
additive on this sigma-algebra in the sense that g (nA.) = lim fi{An) for an 



arbitrary An £ M {n = 1,2,3,...) satisfying Ai D A 2 D ... D A„ D ... and that 



/i ( U ) = 2 A*(A„) for any An £ M (n = 1,2, 3, ...) such that A, fl Aj = 0 if 

\ri=l 



Let M be a separable complete metric space. Then, the minimal sigma-algebra 
containing all open and closed subsets of M is called the Borel sigma-algebra in M; 
it should be remarked that in general the set of all open and closed subsets of M 
is not an algebra so that a careful definition of the Borel sigma-algebra needs an 
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additional consideration. A countably additive nonnegative measure defined on the 
Borel sigma-algebra is called a Borel measure in the space M. If // is a Borel measure 
in the space M, then for any set A £ Af 

fj.{A) = sup = inf fi{0), 

KCA 

where the supremum is taken over all closed sets K contained in A and the infimum 
is taken over all open sets O containing A. 

Now we present the following statement providing, in particular, the correctness 
of the definition of an invariant measure of a dynamical system. 

Proposition IV. 1.1 Let M and N be complete separable metric spaces and <p : 
M I — » N be a homeomorphism of the space M onto N. Then, ip transforms Borel 
subsets of the space M into Borel subsets of the space N. 

Sketch of the Proof. Let M and Af denote the Borel sigma-algebras in M and in 
N, respectively. Let A E. AA. Suppose that B — ip{A) ^ Af . Then, all Borel subsets 
of the space M transforming by ip into Borel subsets of the space N obviously form 
a sigma-algebra Adi, containing all open and closed sets, and A is not contained in 
Adi. But this is a contradiction in view of the definition of the Borel sigma-algebra. □ 

Now we briefly consider Gaussian measures in a finite-dimensional space i?". 
Let n > 1 be integer, a E Rf and 5 be a symmetric positively defined n X n matrix 
with real components (we remind that the positive definiteness of a matrix C means 
that {Cx,-,,} > 0 for any a: 0 from IC). The Borel nonnegative measure w in i?" 

with the density 

p(x) = — exp l—l:iB~^(x — a),(x — a))l 

^ y/{2w)- det (B) \ 2^ ^ 

is called a (nondegenerate) Gaussian measure in obviously w{RP') = 1. We call 
this measure centered if a = 0. 

In what follows, we need some properties of the measure w. Let a = 0. Then, 
one can easily verify that, for x = (xi,...,Xn) G i?", 

J" XiXjw(dx'j — — bij 

R" 

SO that for a n X n matrix A 

j (Ax,x)w[dx) = Tr (AB), 
fi" 
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where Tr (C) = trace of a n x n matrix C = By analogy 

i=l 

j {Ax,xYw{dx) = [Tr (AB)]^ + 2Tr {ABf 

H" 

for a symmetric n x n matrix A. The following result is in fact taken from [27]. 



Lemma IV. 1.2 Let a = 0 and let Abe a positively defined symmetric nxn matrix 
such that AB = BA. Then, 



10 ({a; € i?" : (Ax,x) > 1}) < Tr (AB) 



and 



w ^|a: € ii" : \(Ax, x) — Tr (AB)\ < c-\/Tr (j4jB)|^ > 1 — 2c ^ max^„ 

where c > 0 is arbitrary and /^i ,. are eigenvalues of the symmetric positively 
defined matrix AB. 

Proof. We have 



w{{xeR^'. (.Aa:,a;) > 1}) < J {Ax , x)w{dx) = Tt (AB) . 



By analogy 



\{Ax,x) - Tr {AB)\ > c^jTr (7l5)}) < 






[(^a;,x)-Tr {AB)Y 
cm (AB) 



w{dx) = 2c 



_3 Tr IjABr] 
Tr (AB) 



< 2c ^ max/a„.0 



Now, finishing the discussion of the finite-dimensional case, we present a result 
on invariant measures for systems of autonomous ordinary differential equations not 
directly related to Gaussian measures but used in what follows. Consider the following 
system of ordinary differential equations: 



i = <p(x), 

where x(t) = (xi(t), ...,Xn(t)} : R i — > J7” is an unknown vector-function and 

(p{x) = {ipi(x), ...,ipn{x)) : i?" I — > i?” is a continuously differentiable map. Let 

h{t,x) be the corresponding function (“dynamical system”) from R x R’^ into R”- 
transforming any t £ R and Xo G i?” into the solution x{t), taken at the moment of 
time t, of the above system supplied with the initial data a:(0) — xq. 
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Theorem IV.1.3 Let M{xi, Xn) be a continuously differentiable function from 
RL into R. For the Borel measure in BF 




a 



to be invariant for the function h{t,x) in the sense that i/(h(t,Q,)) = i/(n) for any 
bounded open domain ft and for anyt from an interval (— T, T) so small that h{t,H) 
is determined and hounded for all t € (—T,T), it is sufficient and necessary that 

■A d[M{x)^i(x)] ^ 

for all X = {xi, Xn) € R”. 

Proof. We here follow the monograph [72]. Take an arbitrary bounded open set 
H C IC and let (— T, T) be an interval from the formulation of the theorem. Let 

m = j M{x)dx, t £ {—T,T), 

h(t,Q) 

and t,t + 7 € (—T,T). Then, 

I{t + T)= j M{x\,...,x'n)dx[...dx'n. 

Clearly, the map h{T,h{t,0,)) from h{t,Q.) into h{t + r, 0) is a diffeomorphism, i. 
e. x' = {x[,...,x'n) = if{T,x) = (^i(r, x),...,V'n(7‘, s)) whcre for a fixed r the map 
: h{t, fl) I — > h{t + r, f2) is one-to-one and smooth with the inverse. Hence, 

7(t-fr)= j x)) det (IV.1.1) 

A(t,n) 

Further, we have 

M{tl\T,x)) = M{xi+r(^^'^ +o(r),...,Xn-f r +o(r)), 



where obviously 



Therefore, 




M(x') = M(x) -|-T^¥’i(x)^^^ -t- o(r). 
<•=1 



(IV.1.2) 
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Also, one can easily verify that 



dx' 

where = 1 if i = j and 0 otherwise, 



T=0 



and 

Hence, 
This yields 



(hi = l,2,...,n). 



d dx[ _ ^ d<pi{x) dx'^ 
dr dxj “ ^ dx'k dxj 



\^(^l5 **•) ^n)/ Bx{ 

therefore, due to (IV. 1.1) and (IV. 1.2), 

/(l + r)= J + + 

k/* I - > L t=l 






+ o(r) > dx 



and thus 



j E 

w.m Li=r 



d{M{x)ipi{x)) 



dxi 






dx. 



The latter relation immediately implies the statement of Theorem IV.1.3.D 



Now, we turn to study infinite-dimensional Gaussian measures. In several places 
of this presentation, we follow the book [27]. First, we need the following definition. 

Definition IV. 1.4 Let B be a linear hounded self-adjoint operator in a real separa- 
ble Hilbert space H and let this operator possess a sequence {e„}n=i 2 3 ... of eigenele- 
ments forming an orthonormal basis in H. Let 5e„ = A„e„, n = 1,2,3,..., where 

00 

An > 0 for all n. Then, B is called an operator of trace class iff 

n—1 

Definition IV. 1.5 Let H be a real separable Hilbert space and B : H ^ H be 
a self-adjoint operator with eigenelements {e„}n=i.2,3„,. forming an orthonormal basis 
in H. We call a set M C H cylindrical if there exist integer n > 1 and a Borel set 
F C lU' such that 

M = {x e H : [(x,ei)flr,...,(x,en)i/] € i^}. (IV. 1.3) 

For a fixed operator B from Definition IV.1.5 we denote by A the set of all 
cylindrical subsets of H. One can easily verify that A is an algebra. 
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Definition IV.1.6 Let H be again a real separable Hilbert space, {en}n=i, 2 , 3 ,... be 
an orthonormal basis in H and B be a linear self-adjoint operator in H (generally 
unbounded) defined by the rule Be^ — A„e„, where A„ > 0 are some numbers (so 

OO 

that a; = € H belongs to the domain of the definition of B if and only if 

n—1 

CO 

A„a;^ < oo). Then, we call the additive (but in general not countably additive!) 

n=l 

measure w defined on the algebra A by the rule: for M £ A of the kind (IV. 1.3) 






e dxi...dxn 



the centered Gaussian measure in H with the correlation operator B. 



Proposition IV. 1.7 Let B be an operator of trace class acting in a real separable 
Hilbert space H . Then, the minimal sigma-algebra A4 in the space H containing the 
algebra of all cylindrical sets is the Borel sigma-algebra. 

Proof. It suffices to prove that an arbitrary closed ball Br{a) with a £ H and 

CO 

r > 0 belongs to M. This follows from the relation Br{a) = p| Mn where cylindrical 

n=l 

sets Mn are defined as follows: 

Mn = {xeH: ( 2 : - + ... + (a; - a,e„)|f < r^}, n = l,2,3,...D 



The principal result of the theory of Gaussian measures in Hilbert spaces is the 
following. 

Theo r em IV. 1.8 The centered Gaussian measure w from Definition IV.1.6 is 
countably additive on the algebra A if and only if B is an operator of trace class. 

OO 

Proof . First, let ^ A„ = + 00 . Suppose that the measure w is countably addi- 

n=l 

tive. Consider first the case A = sup A„ < 00 . Let P„ be the orthogonal projector 

n 

n 

in H onto the subspace = span {ci,..., e„} and let = Tr {PnBPn) = X^A;. 

*=1 

Consider cylindrical sets 

Mn = ^x£H: \\\Pnx\\]j - Rn\ < , a > 0. 

By the second statement of Lemma IV.1.2 > 1 — 2Ao:“^. Taking here a. = 2\/A, 

we get w(Mn) > |. Therefore, since Rn +00 as n -+ 00 , in FI there exist balls 
■®n„-aV7!;r(0) of the arbitrary large radiuses satisfying < | which 

contradicts the countable additivity of the measure w. 




4.1. ON GAUSSIAN MEASURES IN HILBERT SPACES 



113 



Let now supA„ = 4-oo and let 0 < be a subsequence of 

n 

the sequence 23 of eigenvalues of the operator B satisfying lim = +00 

with corresponding eigenelements { 5 n}n=i, 2 , 3 ,.... For each integer n > 1 consider the 
cylindrical set 

Mn = {3; G H * l(^) ^ “ 1)2, ...j Un} ) 



where «„ > 0 is integer. We have 



-i -i 

w[Mn) = (27r)“‘^ / dx-i... / e •=! dx<,„ < 

-i -i 

-n/ij 




We take integer > 0 so large that the right-hand side here is smaller than 2 " ^ 

00 

for each n and that — > -l-oo && n 00 . Then, on the one hand y Mn = H and 

n=l 

w[H) — 1 (because if is a cylindrical set of the kind (IV. 1.3) with F = if"), but on 

00 00 

the other hand w{ IJ M„) < Yh i- e. we get a contradiction, and the 

71=1 n=l 

first part of the theorem is proved. 

00 

Now, let X] A„ < -foo. Let us prove that the measure w is countably additive 

n=l 

on the algebra A of cylindrical sets. For this aim, let us first prove that for any e > 0 
there exists a compact set C H such that w{M) < e for any cylindrical set M for 
which M f] Ke = 9 . 

CC 

Let > 0 be such that -Loo as n — > 00 and A = 6nA„ < 4-00. Take 

n=l 

arbitrary e > 0 and if > 0. Then, by the first inequality from Lemma IV. 1.2 for 
cylindrical sets M of the kind 



M = {x G ii : [(x,ei)H,...,(a:,e„)n] G i^}, 

n 

where ^ hiX^ > B? for any x = (xi, £ F {i. e. MDE = ^ where E = {x £ H : 

1=1 

00 

Y bn(^,en)H ^ ^^})) have w{M) < Aif“^ and the set E is obviously relatively 

n=l 

compact in H. Taking for Kc the closure £1 in if of the set E with if > we get 
the above compact set. 

Now, let Ai D Ai D ... D A„ D ... be a sequence of cylindrical sets in H and 

00 

let Pi = 0. Then, by the known property of Borel measures for any e > 0 there 

71=1 

exist closed cylindrical sets (7„ C (n = 1,2,3,...) of the kind (IV. 1.3) such that 

n 

w(An \ Cn) < Let also Dn = f\ Ck- Then, are closed cylindrical sets and 

*=i 

n 

MA„\Zl„)<M;(U(Afc\C'i))<|. 

^=1 




114 



CHAPTER 4. INVARIANT MEASURES 



Let also be the above-constructed compact set corresponding to | instead of e and 
let En = Dn n K^. Clearly, E^ are compact sets in E^ C A„ and ru(A„ \ E^) < e 

oo oo 

for any n. In addition, since f] A„ = 0, we have f] En = ^. But hence, there exists 

n=l n=l 

a number no > 0 such that E^ — ^ for all n > no. Thus, U)(A„) < w{En) + e < e for 
all n > no, i. e. lim u>(A„) = O.D 

n—*oo 



Proposition IV. 1.9 Let the centered Gaussian measure w from Definition IV. 1.6 
he countably additive. Then, w{Br{a)) > 0 for any a G H and r > 0. 

The Proof of this statement is taken from the paper [109]. Again, Br{a) — 

OO 

fl Mn where Mn = {x G H : [{x - a, + -. + [(a; - a, < r^}. Therefore, 

n—1 

+00 2 / +°0 \ 2 

w{Br{a)) — lim w{Mn). Fix no > 0 such that ^ Ajt < ^ and I a| 1 < | 

i=no+l Vi=no-(-l / 

where at — {a, ek)H- Taking n > no 4- 1 we get 

n 

w{Mn) = (27r)-^ 

k-l 



/ e ‘=1 dx^...dx„ > 

F„ 



>C(27r)-^ n A^ 

fc=7lo+l 

where C is a positive constant independent of n, Fn = {y = (j/i, ...,yn) & RA '. (j/i — 
aifA-fi-iVn-anf < r^} and = {y = (yno+i, -,?/«) € : (y„o+i -a„o+i)2-f 

• •• + ivn - 0-nY < t) because {j/ e i?" : (j/i - ui)^ + ... -f < 

t} n{y € ii" ; (y„o-|-l - + - + iVn - anf < t) C Fn). 

Further, since according to the choice of no the embedding 



/ 

Fi 



e *=" 0+1 dz. 



»0+l 



...dZn, 



{z — (^ZnQ+ 1 , ...yZn) ■ ^no+1 C F„ 



is valid, we get: 



> C(27t)-^ J] A,^ 
A=no+l 



/ 



E 

e *="»+’ dz„„+i...dzn. 



4o+l+-+='»^l6 



Now we use the first inequality from Lemma IV. 1.2. According to this result and the 
above inequality we have: 



Ifi 

w{Mn)>C{l~-^ h)>Cu 

^ fc=:Tlo+l 
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where Ci is a positive constant. □ 



Let w be the centered Gaussian measure from Definition IV. 1.6. We define a 
sequence of Borel measures (finite-dimensional Gaussian measures) {u;„}„=i_ 2 , 3 ,... as 
follows. Let us take and fix an arbitrary integer n > 0 and consider the set A4n of all 
subsets of the space H of the kind (IV. 1.3) with our fixed n and arbitrary Borel sets 
F C R”'. Clearly, Ad„ is a sigma- algebra and, setting 



w„{M) = 




e ‘=1 



,2 

dxi...dxn, 



we obviously get a countably additive measure Wn defined on the sigma-algebra 
Ai„. Repeating this procedure for all integer n > 0, we get our sequence of finite- 
dimensional Gaussian measures {iOn}n=i,2,3,...- 

Now we show that each measure can be naturally extended onto the whole 
Borel sigma-algebra Af in Lf by the rule: to„(A) = Wn{A fl Lf„), A e M (we recall 
that H„ = span {ei, ..., e„}). To prove this, it suffices to show that A(1H„ is a Borel 
subset of Hn if A £ A4. Suppose the opposite. Then, there exists A£ M such that 
Af\Hn ^ Mn- Clearly, = {C C H : C = A H H„ for some A 6 M} is a 
sigma-algebra and C Mn, M\ 7^ the supposition. Consider the set M\ 

of all Borel subsets Aof H such that AOHn£ M\. Then, one can easily verify that 
is a sigma-algebra in H contained in M and not coinciding with M. But then, 
since obviously M\ contains all open and closed subsets of H, we get a contradiction 
because by definition the Borel sigma-algebra is the minimal sigma-algebra containing 
all open and closed sets. So, can be considered as Borel measures in H. 



Now, let v,Vn {n — 1,2,3,...) be nonnegative Borel measures in a complete 
separable metric space M such that u{M) = — I, n = 1,2,3,.... We recall 

that the sequence { 2 / 71 ) 71 = 1 , 2 , 3 ,.., is called weakly converging to the measure 1 / in M if 
and only if 



lim j ip[x)vn{dx) = j ip{x)u{dx) 

M M 

for an arbitrary real-valued bounded continuous functional ip in M. 



Lemma IV. 1.10 Let the measure w from Definition IV. 1.6 be countably additive. 
Then, the sequence of measures {wn) weakly converges to the measure w in H as 
n — > 00 . 



Proof. First of all, one can prove as in the proof of Theorem IV. 1 .8 that for any 
e > 0 there exists a compact set Kc C H such that w{Kc) > l — e and w.n(Kf) > 1 — e 
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for all integer n > 0. Further, let us take an arbitrary real-valued continuous bounded 
functional ip defined in H and prove that 



lim / <p{x)wn(dx) = I ip{x)w{dx). 
n-,co J J 

H H 



(IV.1.4) 



Take also an arbitrary e > 0. Then, one can easily verify that there exists S = (^(e) > 0 
such that 

lvp(x)-9(i/)l < e (IV.1.5) 

for any x 6 /Fe and y € H satisfying |x — y\]ff < 6. 

Let Kn = Kt n Hn, n — 1, 2, 3, .... Obviously, for any integer n > 0 



j ip{x)Wn{dx) - j ip{x)w^{dx) 
H K„ 



< eM, 



where M = sup |¥>(aj)l, so that we have 
xeH 



lim inf 



J tp{x)Wn{dx) — j (p{x)Wn(dx) 

H Kn 



< Me. 



(IV.1.6) 



Let us now show the existence of (7 > 0, depending only on p and independent 
of e > 0, such that 



lim inf 

n—*‘OQ 

Clearly, in view of the arbitrariness of e > 0, relations (IV.1.6) and (IV. 1.7) together 
yield (IV.1.4), i. e. the statement of the lemma. Let Kn,t = 

= I*/ G -ff : y = yi+y 2 ,yi& H^, yi e H„, \y 2 \H < dist {yi,Kn) < . 

Then, Kc C Kn,c for all sufficiently large numbers n. Hence, 



J (p{x)w{dx) — j (p[x)Wn{dx) 

fi Kn 



< Ce. 



(IV. 1.7) 



H Kn.^ 



< Me 



for all sufficiently large numbers n. Further, it is clear that the measure w is the direct 
product Wn ® of the measure in F7„ and the Gaussian measure defined in 
the Hilbert space which is the orthogonal complement in H of the subspace Hn, 
by the rule: for a cylindrical set 



M — {^x 0 H^ . [(:r, Cn-i-i)ff j G 7 ^ } 5 




4.1. ON GA USSIAN MEASURES IN HILBERT SPACES 



117 



where F C is a. Borel set, 



(M) = (27r)“2 JJ A,- ^ / e ■=”+' 



i=n+l 



Here, in particular, Wn(Hn) = w^(H;^-) = 1. For x„ £ Hn let also K^^^{xn) 
Kn,t 0{xeH \ X = Xr,Ay, y £ H^]. Then, by (IV.1.5) 



J ip{x)w{dx) = J Wn{dXn) j (f{Xn + X^)w^{dx^) = 

^n,e Xn€Kn^c 

= a{n,e)+ j <^(x„)ro„(rfa:„), 

Kn.^ 

where \a(n,e)\ < C^t for some C 2 > 0 independent of e and n.n 

Now, let $(x) be a real-valued nonnegative continuous functional in H bounded 
on bounded subsets of H. Consider the quantities 

= / $(x)tu„(dx) and n{Il) = j ^{x)w{dx), 
fi n 

where fi is an arbitrary bounded Borel subset of H. 



Lemma IV.1.11 liminf^„(fl) > for an arbitrary open bounded set H C H. 

n— ‘■oo 

limsup < p{K) for an arbitrary closed bounded set K C H. 

n— H» 

Proof is standard. Here we present its variant taken from the paper [109]. Let 
us prove, for example, the first statement (the second can be proved by analogy). 
Fix an arbitrary e > 0 and take a real-valued functional V’e(“) continuous in H and 
satisfying the following properties: 

1. 0 < < 1 for all u € X; 

2. ipe{u) = 0 for any u ^ fl; 

3. V’e(^) = 1 if u € Q and dist(M,9ft) > e. 

Then, according to Lemma IV.1.10, we have: 



liminf /r„(n) > lim / ipJu)pJdu) = lim / if?Ju)^(u)wn{du) = 

n—^co n—^00 J n-i-oo J 

n n 

= J •4>c{u)^{u)w{du) = J rl)c,(u)dp,{u) . 



sj n 

Taking here the limit over a sequence > -f-0 and an arbitrary sequence of functionals 
«/>£,,(«) satisfying the above properties with e = Cr, we get liminf Pn{^) ^ p{Lt).0 

n— s-oo 
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4.2 An invariant measure for the NLSE 

In this section, we shall construct an invariant measure for the NLSE; we follow the 
paper [107]. Let A > 0, the space i/2(0, A) be real and let X be the direct product 
£ 2 ( 0 , A) ® ^ 2 ( 0 , A) of two samples of the space L2(0, A) equipped with the scalar 
product 

(wi,W2)x = (« 1 , U2)Li(0,A) + (vi, V2 )l2(0,A), 

where it;,- = € £2(0, A), i — 1,2, and the corresponding norm ||it||z = 

i 

(u, uY^. Let us consider the following problem for the NLSE written in the real form 
as a system of equations for real and imaginary parts of the unknown function: 



u] +ul^ + f{x,{u^Y = 0, a;e(0,A), t e R, (IV.2.1) 

- /(=^> (“'f + = 0; xe(0,A), t£R, (IV.2.2) 

it‘(0, t) = u’(A, t) = 0, t£R, (IV.2,3) 

it‘(x,to) = MUX2(0,A). (IV.2.4) 

Formally the problem (IV.2,1)-(IV.2.4) is equivalent to the integral equation 

t 

u{t) = A{t - to)uo + y - s)[/(-, |u(5)nu(s)]ds, (IV.2.5) 

to 



where u{t) = (u’^(t), is the unknown function with values in a functional space 
(to be interpreted as X), uq = (wJ,ito)i 

sin(tD)\ and Rm - f -cos(t£>)\ 

V-sin(ti?) cos(iD); ~ \cosiW) sm{tD) )' 

In this section, our hypothesis on the function / is the following. 

(f) Let /(s, s) be a real-valued continuous function of [x, s) G [0, A] x [0, + 00 ) 
possessing a continuous partial derivative fs(x,s) and let there exist C > 0 such that 

\f{^,s)\ + \fl{x,s)\<C 

for all (x, s') € [0, A] X [0, +cx)). 

One may define X-solutions of the problem (IV.2.1)-(IV.2.4) by analogy with 
H^-solutions of the NLSE from Definition 1.2.2. 
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Proposition IV. 2.1 Under the hypothesis (f) an arbitrary solution u{-,t) £ 
C{I\X)r\C^{I\ A)x A)) ofthe problem (IV. S.1)-(IV.2. 4) satisfies equa- 
tion (IV. 2. 5), and conversely, any solution 6 C{T,X) of equation (IV. 2. 5) is 

a solution ofthe problem (IV.2.1)-(IV.2.4) ofthe class C{T,X) fl C^{I;H~^{0,A) x 
H~'^{0,A)) (here I — [to - Ti,to + T^] where Ti,T 2 > 0). 

Proof can be made by analogy with the proof of Proposition 1.2. 3D 

Now we can present the main result of this section. 

Theorem IV.2.2 Under the hypothesis (f) 

(a) for any Uq £ X there exists a unique global X -solution u{-,t) of the problem 
(IV.2.1)-(IV.2.4); 

(b ) let h((uj, Ug), t) be the function transforming any pair (uj, Wg) 6 X and t £ R 

into the X-solution + *o)) ofthe problem (IV.2.1)-(IV.2.4) taken 

at the moment of time t to- Then, the function h is a dynamical system with the 
phase space X ; 

(c) = 0 for an arbitrary above X-solution of the problem (IV. 2.1)- 
(IV.2.4); 

(d) let w be the centered Gaussian measure with the correlation operator S = 
^ in the space X. Since S is an operator of trace class, the measure 

A 

w is countably additive. Let also = f E(x, (w^) + (u^) )dx where F{s) = 

0 

3 

2 1 (the functional $ is obviously real-valued and continuous in the space X 

0 

bounded on bounded subsets of X). Then, the Borel measure in X 

/i(fl) = j e^^'^'''^^'*w{du^ du^) 
a 

(here f2 is an arbitrary Borel subset of X) is well-defined in X and it is an invariant 
measure for the dynamical system h mth the phase space X. 

Proof of Theorem IV.2.2 . The map from the right-hand side of (IV. 2. 5) trans- 
forms the space C{I;X) into itself and is a contraction for sufficiently small val- 
ues of r > 0 depending only on ||wo|U (here I = [to — T, to + T]). Therefore, 
equation (IV. 2.5) has a unique local solution of the class C[I;X). Further, let 
{-^n) en}n=o,i, 2 ,... be eigenvalues and the corresponding eigenfunctions of the opera- 
tor D and let = span(eo, ...,e„) and P„ be the orthogonal projector in the space 
L2{0,A) onto the subspace X„. Let also X" = Xn ® Xn- Consider the following 



/D-i 0 
V 0 p-' 
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problem approximating the problem (IV.2.1)-(IV.2.4): 



<,t + + ^n[/(*, Ky + {ulf)ul\ = 0, teR, (IV.2.6) 

«n,t - {ulf + [ulf)u\] = 0, t&R, (iv.2.7) 

u\{x,U) = Pnul{x), ul{x,to) = Pnul{x). (IV.2.8) 



Let P" = 



0 

Pn 



be the orthogonal projector onto the subspace X”" = 

in the spaced. Let also 51 = (eo, 0),52 = (0, cq), ...,p 2 n+i = (e„, 0 ),fir 2 n +2 = (0,e„),.... 
Then, the system {5'n}n=i,2,3,... is an orthonormal basis in the space X consisting of 
the eigenelements of the operator S. Clearly, for any positive integer n, the problem 
(IV.2.6)-(1V.2.8) has a unique local solution Un(x,t) = {u\{x,t),ul{x,t)) £ (7(7; Jlf") 
(as it is well known, in a finite-dimensional linear space any two norms are equivalent, 
and we mean that the space X^ is equipped with th<; norm of the space 7 l). In 
addition, the direct verification shows that Jj||u„(-, <)||^ = 0 for these solutions. 
Therefore, for any n = 1,2,3,... and for any Uo(-) = (i^J(-)) «^o(-)) G X the problem 
(IV.2.6)-(IV.2.8) has a unique global solution t/„(-,f) £ C{R',X”). 

Further, it is clear that the above solutions of the problem (IV.2.6)- 

(IV.2.8) satisfy the equations (n = 1,2,3,...): 



Un{;t) = A{t-to)P^uo + j P(t-s)P"[/(.,M.,s)lV(.,s)]ds, (IV.2.9) 

io 

Hence, from (IV. 2. 5) and (IV.2.9) one hcis for those values of t for which the solution 
u{-,t) exists: 



||u(-,f) - u„(-,<)||j: < Cilluo — P"uo|U + C 2 J ||w„(-, s) — u(-, s)||;fds-t- 

^0 

t 

+C3 J ||u(-,s) - P"M(-,s)||xds. (iv.2;10) 

*0 

Here the constants (7i, C 2 , (7s do not depend on the initial value uq, to and t. Let 
the solution exist for t £ [<o,fo + T] where T > 0. Then, the third term in the 

right-hand side of this inequality obviously tends to zero as n — > -f 00 uniformly with 
respect to t £ [to, ^o + T], therefore we get from inequality (IV.2.10) by the Gronwell’s 
lemma that 

By analogy, if the solution «(-,t) exists on a segment [to - T,<o], T > 0, then 



lim max 

n-^00 «6[«o-r,<o] 



IK-,0 -M«(-r^)IU 



= 0 . 
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Hence, 

lim maxl|w(-,i) — m„(-,<)||x = 0 (IV.2.11) 

n— »’O 0 te/ 

for all segments I = [to — Ti,to + Ti] of the existence of the solution This 

fact implies, in particular, the statement (c) of Theorem IV. 2. 2 and, hence, the global 
solvability of equation (IV. 2. 5) for any Uq € X. 

Further, it is easy to verify that, if a function u(-, t) £ C{R; X) satisfies equation 
(IV. 2. 5), then for any fixed t 6 R this function is a solution of the following equation: 

T 

v.{-,t) = A{T-t)u{-,t) + j B{T-s)[f{-,\u{-,s)\^)u{-,s)]ds, teR, 

t 

which, as earlier, for any fixed t has a unique global l*f-solution. Therefore, for 
any fixed t the map uq — » u{-,t) is one-to-one from X into X. The continuity of 
the transformation wq — > as a map from X into X follows from the estimate 

{t > to) 

t 

li«(-,<) -u(',<)||x < C'i||w(-,to) - v(-,to)IU + C's y l|w(-..«) - 

to 

where u{-,t) and «(•,<) are two arbitrary solutions of equation (IV.2.5), and a similar 
estimate for t < to- Thus, the statements (a),(b) and (c) of Theorem IV. 2. 2 are proved. 

Lemma IV. 2. 3 For any e > 0 and T > 0 there exists 6 > 0 such that 

for all numbers n = 1,2,3,... and for any two solutions u„[-,t) and u„(-,t) of the 
problem (IV.2.6)-(IV.2.8), taken with the same value n, satisfying the condition 

||Wn(-,to) - Wn(-,to)lU < ^ 

(here u„(’,to) = E’^uo and u„(-,<o) = P’^vo). 

Proof follows from the estimate {t > to) 

i 

l|Wji(’> 0 ■“ *^n(’, 01 U — C'i||«n(-,to) — Vn(’j to)||jf + C 2 J ||Mt>(’! s) — W„(-, s)||xds, 

to 

that results from equation (IV.2.9), and an analogous estimate for t < to.O 

By hn(uo,t) we denote the function mapping any uq E X and teR into 
Un{-,t -I- to) where u„(-,t) is the solution of the problem (IV.2.6)-(IV.2.8). It is clear 
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that the function is a dynamical system with the phase space X'^. For each 
n = 1,2,3, ... let us consider in the space X” the centered Gaussian measure with 
the correlation operator S. Since S = S* > 0 in Jf", the measure is well-defined 
in X’^. According to the result from Section 4.1, measures can be considered as 
Borel measures in X. Also, since #(u) = is a continuous functional in JA", 

the following Borel measures 

= J 

n 

(where 111 C is an arbitrary Borel set) are well defined. 

Lemma IV. 2. 4 fi„ is an invariant measure for the dynamical system with the 
phase space A”. 

Proof. Let us rewrite the system (IV.2.6)-(IV.2.8) for the coefficients a^, 6.- where 

n n 

uj, = ^ ai{t)ci and u^ = Yl Then, we get 

t =0 »=0 

a(t) = Vt£„(a, 6), (IV.2.12) 

6(<) = -V„£„(a, 6), (IV.2.13) 

^i{to) (^n(’j ^o)j ...,n), 

(IV.2.14) 

where a{t) = {ao(t), ...,aj,{t)), h{t) = (6o(t), ..., 6„(1)), u„ = and E„(a,6) = 

■®(wn) = / {| [(Mn,x)^ + (Wn,x)^] “ + «)^)} dx. Then, according to The- 

0 

orem IV. 1.3, the dynamical system with the phase space generated by the 

system (IV.2.12)-(IV.2.14) possesses a Borel invariant measure p'^: 

p'„{A) = (22r)-("+")^Ai / db, 

<=o { 

where A C is an arbitrary Borel set. Further, according to Proposition 

IV. 1.1, there is a natural one-to-one correspondence between Borel subsets A of the 
space Rf^”-+U and Borel subsets fl of the space A" defined by the rule: a Borel set 
A C corresponds to a Borel set fl C A” if an element w„ = be- 

n n 

longs to fl when and only when (a,b) £ A where ul = J^a^Ci, biCi and 

i =0 i =0 

a = (ao,...;Qn), b = (6o, -..,&n). In addition, if two sets A C and 11 C A" 

correspond to each other in this sense, then /x„(fl) = p'^{A) by the definition of the 
measure pn- These arguments easily imply the statement of Lemma IV.2.4.D 
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According to Lemma IV. 1.10, the sequence of Borel measures weakly con- 
verges to the measure tn as n — > oo. 

Lemma IV.2.5 /u(0) = ju(h(0, t)) for any open bounded set O G X and for any 

t e R. 

Proof . Fix an arbitrary t E R and let 0 C X be an arbitrary open bounded 
set. Then, according to the proved statements (a),(b),(c) of Theorem IV. 2.1, h{ft,t) 
is open and bounded, too. Let us fix an arbitrary e > 0. Then, since the functional 
$ is bounded on bounded subsets of the space X and in view of results from Section 
4.1, there exists a compact set K G Cl such that fj,{Cl \ K) < e. Further, according to 
the proved statements (aj and (b) of Theorem IV.2.2, Ki = h{K,t) is a compact set, 
too, and Ki G Cli = h{Cl,t)- 

For any A G X, let dA be the boundary of the set A and let 
a = min{dist(i(f, 5ft);dist(A'i,9fli)} 

(where again dist(A., B) = inf ||x — y||x)- Then, obviously, a > 0. According to 

Lemma IV. 2. 3, for any x E K there exists ^ > 0 such that for any € Bs{x) = 

{y € -^i lly - and for any n = 1,2,3,... one has \\hn{u,t)- h„{v,t)\\x < f 

and Bs{x) G Cl. Let ...,B$^{xi) be a finite covering of the compact set K by 

/ 

these balls and let B = |J Bs,{xi). Then, by (IV. 2. 11) and by construction, we get 

i=l 

the existence of a number no > 0 such that dist(fe„(u,t); 9fii) > y for all u e J9 and 
for all n > Uq. Further, we get by Lemmas IV.1.11 and IV.2.4 

yu(0) < p{B) + e < liminf pn{B) e < liminf fj.n{hn{B,t)) -f e < p(Cli) + e 

n-t-00 n~Kx> 

(because Pn(B) = Pn{B fl X") = p„{K{B n A",t)) and h„{B fl X",t) G K{B,t)). 
Hence, due to the arbitrariness of e > 0, we have p{Cl) < //(fli). By analogy 
li{Cl) > /r(Oi). Thus, fi{Cl) = p[Cli), and Lemma IV.2.5 is proved. □ 

According to the proved statement (c) of Theorem IV.2.2, we have for an arbi- 
trary open set fl C V: 

p(0) = lim /i(Bfl(0) n fl) = lim p,{Br{ 0) r\ h{Cl,t)) = fj,{h{Cl,t)). 

i?— J-+CO il— V+CX3 

For an arbitrary Borel set A C V we obtain the equality p,[A) = p{h{A, t)) by the ap- 
proximation of the set A by open sets containing A. Thus, Theorem IV.2.2 is proved. □ 

Remark IV. 2. 6 Generally, the invariant measure fi given by Theorem IV.2.2 can 
be unbounded, i. e. it may happen that p{X) = -f-oo. However, according to the 
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statement (c) of this theorem, any ball Br(0) with if > 0 is an invariant set of the 
dynamical system h. Therefore, we can choose any of these balls for a new phase 
space of the dynamical system h. Since the functional $ is bounded on any of such 
a ball, we get that 0 < /i(i?R(0)) < +cx) for any if > 0. By analogy, in view of 
Proposition IV. 1.9, 0 < < +oo for any a £ X and r > 0. As a corollary, 

we obtain that almost all points of the space X (in the sense of the measure w) are 
stable according to Poisson and the set of all these points is dense in the space X. 

Remark IV. 2.7 The hypothesis (f) of Theorem IV. 2. 2 is valid, for example, for 
two physical nonlinearities: f{x,s) = ^ and f(x,s) = where a > 0 in the 
second case. 



4.3 An infinite series of invariant measures for 
the KdVE 

In this section, we consider the following Cauchy problem periodic with respect to 
the spatial variable for the standard KdVE with f{u) = u: 



Ut + UUx + Wajxr = 0, X,t £ R, 


(IV.3.1) 


u{x + A,t) = u{x,t), x,t £ R, 


(IV.3.2) 


u{x,to) — Uo{x), 


(IV.3.3) 



where Uq{x + A) = Uo(a:), x £ R, and A > 0 is fixed. Here we follow the paper [111]. 
We shall construct an infinite series of invariant measures associated with conserva- 
tion laws E„, n > 3, given by Theorem 1.1.5 for dynamical systems generated by the 
problem (IV.3.1)-(IV.3.3) on suitable phase spaces. Throughout this section we shall 
denote the norm in the space Hp^^{A) by j| • ||„ for simplicity. Our first related result 
is the following. 

Theorem IV.3.1 Let integer n>2, A>Q,T>Q,t£R and to £ R be arbitrary. 
Then, the function from H^^^{A) into Hp^„{A) defined for any uo £ H^„{A) by 
the rule: k^{uo,t) = u{-,t + to), where u{-,t) is the H^^„{A)-solution of the problem 
(IV.3.1)-(IV.3.3) given by Theorem 1.1.5, is a dynamical system with the phase space 
Hp^„(A). The functionals Eq, from Theorem 1.1.5 are conservation laws for 

this dynamical system. 

Let n > 2 be integer and tn" be the centered Gaussian measure in (A) with 
the correlation operator 5 = (7 + -|- /)“L Since clearly S is an operator of 
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trace class in the measure w" is countably additive. Let also for u € H”^^[A) 

A 

J„{u) = En{u) - i y {[4")]^ + u‘^}dx = En{u) - u)Hp"„(A) = 

0 

A 

= j {CnU[4””^’]^ - - 9 t.(u, 

0 

For an arbitrary Borel H C Hp~^{A) we set 

n 

where ft C H^~^{A) is a Borel set. The main result of this section is the following. 

Theorem IV. 3. 2 For any integer n > 3 yA is a well-defined nonnegative Borel 
measure and it is an invariant measure for the dynamical system given by The- 
orem IV. 3.1. For any sufficiently large d > 0 0 < y'^{Rd) < +oo, where 

Rd = {u e H;-\A) : Ek(u)<d, fc = 0,l,...,n-l}. 

Since due to Theorem IV. 3.1 Rd is an invariant set of the dynamical system 
it can be taken for a new phase space, therefore the Poincare Recurrence Theorem is 
applicable. So, almost all points of the space Hp~^{A) (in the sense of the measure 
w”‘) are stable according to Poisson and, in addition, all points stable according to 
Poisson form a dense set in H^~,^{A). 



Theorem IV. 3.1 immediately follows from Theorem 1.1.5 (and the proof of the 
latter). Now we turn to proving Theorem IV. 3.2. Let 




e2k-i{x) 




2 2Ttkx 



where k = 1, 2, 3, .... Then, {eTO}m=o,i, 2 ,... is an orthonormal basis of the space H^^^(A) 
consisting of eigenfunctions of the operator D with the corresponding eigenvalues 
0 = Ao < Ai = Aj < ... < A 2 it_i = A 2 jt < .... Let Pm be the orthogonal projector in 
^per(-^) onfo subspace Lm = span{eo, ..., e 2 Tri} and Pfi be the orthogonal projector 
ii' ^per("^) onto the orthogonal complement to the subspace Lm- Consider the 
following problem: 



uf + Pm[u^u^] + = 0, xe{0,A), teR, 



(IV.3.4) 
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u^{x,to) = PmUo{x). (IV. 3.5) 

Clearly, for any Uq € it has a unique classical local solution u’^{x,t) £ 

(7^([<o — T,to + T]; Lm) for some T > 0 (the topology in Lm is generated by the norm 
of H^^{A)). Since it can be easily verified that -^Eo{u^) = = 0, we have: 

l’^'"(•lOUs{0,A) = |w"*(-)io)|L2(o,A) 

for all t, and, hence, the solution of the problem (IV. 3.4), (IV. 3. 5) for any uq G H^^j.{A) 
is global (it can be continued onto the entire real line t G R). (We apply here the 
known fact that in a finite-dimensional linear space any two norms are equivalent). 
In addition, this solution is obviously infinitely differentiable in x and t. 

Proposition IV. 3. 3 Let n > 2 be integer, Uq G Hp^,.(A) and let a sequence 
he such that ruk —*■ -boo as k oo, G Lm^ and u'^'‘ Uq strongly in Hp^,.(A) 

as k oo. Then for any t G R n'”*^(-,t) — » M(-,f) as k oo strongly in Hp^„{A), 
where u{-,t) is the A) -solution of the problem (IV.3.1)-(IV.3.3) and u™*(-,t) is 

the Lm^-solution of equation (IV. S. 4) with m = mj, and with the initial data 

u'"*(-,^o)=Mr. 

Before proving this statement consider a number of lemmas. 

Lemma IV. 3. 4 For any nonnegative integer n and d > 0 there exists R = 
R{n, d) > 0 such that if uG Hp^{A) and 

Eo{u) < d,...,En{u) < d, 

then ||u||„ < R. 

Proof. Consider the conservation law {n > 2): 

A 

^Eo(u) + E„(u)^ I + 

0 

>^IK.)lln-»?n(IK.)|U-l), 

where r)n{s) is a function continuous and increasing on [0,-|-oo). Repeat these esti- 
mates for the functionals ^Eo{u) -f E 2 {u), ...,lEo{u) + En-i{u). For the functional 
Fli(u) we have in view of the known inequality < |u|2 (o + 

|w|l2(0,a))=' ^wherep>2: 
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We get step by step from the obtained estimates: 

||n||i<C'i(d),...,||n|U<C„(d) 
for all t E R, and Lemma IV. 3.4 is proved. □ 



Lemma IV. 3. 5 There exist functions s), such that 7^(7?, 0) = 0, defined 

on (i?, s) € [0, +oo) ® [0, +oo), monotonically nondecreasing in s and continuous 
satisfying the following: 

f^E^{u-^{;t)) < 

i^j^2n-7 

for all t & R, all n — 3,4,5,..., all k = 1,2,3,..., all Uo E H^~^{A), for which 
||no||n-i < R, and all above sequences 

Proof. Let Lg = —ggx — gxxx- For Uq € Hp~^(A), since under the substitution 
of Lu’"* in place of uj"* the integrand from the expression for ^E„(u^*^(-,t)) we 
get zero (see [50]), we have: 



A 






+E 



t=0 



a(Diu'"‘) 



n 






r+ 



+2c„(w”“£)^ 



Dx'£ci_,Dr^-'u’^^Di+\ 



1=0 



+ 



+E 












+2c„P4(n’"‘Pr'«’”‘) 

n— 2 

+E 



n— 3 



|-dx. 



+ 
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These equalities imply the statement of Lemma IV. 3. 5.0 

Lemma IV.3.6 For any integer n > 2 and any segment / = [ig — T, to + T] there 
exists a function ^n{s) continuous and nondecreasing on [0, +oo) such that for any 
Uo € Hp^^{A) the quantities ||w”‘(-,i)||„ are hounded by i^TidlwoHn) uniformly in t ^ I 
and m = 1,2,3,... (here u'^{-,t) are solutions of the problem (IV. 3. 4), (IV. 3.5)). 

Proof in view of Lemma IV. 3.5 follows from the estimate {t > to): 
inaxcr„(||u'”(-,t)||„_i) > 2|£;„(u”“(-,t)) -£!„(?/'"(•, <o))| > 

where <r„(s) and 0„(s) are functions continuous and nondecreasing on the half-line 
[0,-t-oo) (n > 2). Indeed, fix an arbitrary > 0 and let ||uo||„ < R. Then, taking 
into account that as earlier l|u'"(',f)||i < C{R) for all f, we get step by step: 

IK(-,f)||2 < C2(i?),...,|K(-,f)|U < 

and Lemma IV.3.6 is proved. □ 

Lemma IV. 3. 7 For any Uo € H^^{A), T > 0 and integer n > 2 the following 
takes place 

max - u(-,<)||„_i — »• 0 as k -* oo. 

t€[tci-T,to+T] 

Proof. First, let wg G H°°. Using Lemmas IV. 3.4 and IV.3.6 and Theorem 
IV.3.1, we get: 

A 

\jJ\DT\vF>‘{.,t)-u{.,t))Ux^ 

0 

A 

= j Dl-\u^^{.,t) - u{.,t)) X Dl\{u-^[.,t)f - K-,f))Vx+ 

0 

A 

/ PtM-\u{-,t))\Dl[{u”'>^{ M]dx < 

0 

where ||Pm^(«(-, f))|U -> 0 as ^ oo for any t and ||Pm^(w(-,f))|U ^ C for all t. By 
analogy 




4.3. AN INFINITE SERIES OF INVARIANT MEASURES FOR THE KDVE 129 
Hence, 

t 

to 

where am^ — > +0 as A; — + oo. For an arbitrary uq G H^^J^A) the latter inequality is 
also obviously valid. For t < to similar estimates take place and, due to the Gronwell’s 
lemma, Lemma IV. 3. 7 is proved. O 

Lemma IV.3.8 For any uq G H^gj.{A) and any t G R 

lim [£„(u’”‘(-,t)) - F:„(u“^(-,to))] = 0. 

«— »oo 

Proof. By Lemmas IV. 3. 5 and IV.3.6, since 

t 

i .+;^2n-2 

where s)||„_i axe bounded uniformly with respect to s € [to, t] and positive 

integer k, it suffices to prove that 

for all s £ [foi t] and Q <i,j <n — l where i + j ^ 2n — 2. We have: 

-Dlu{-,s) X Diu{-,s)]\L^^o,A) + |P,ijJ?X-,5) X J5 >(-,s)]|i„(0,A) 0 

as A oo by Lemma IV 3.7 and Theorem IV. 3.1. By analogy 

lim||P,i^(«-‘(.,t)<*(.,^))lli=0 

k—*cx> 

for any t, and Lemma IV.3.8 is proved.D 



Now just as in the proof of Theorem 1.1.5, one can prove that for any t 
|lu™‘(-,t) -M(-,t)||„ -> 0 




130 



CHAPTER 4. INVARIANT MEASURES 



as A: — )■ 00 if «o G and Proposition IV.3.3 is proved. O 

Corollary IV.3.9 Let n >3 be integer. Then, for any Uq G Hp~^{A) and any t 
lim [En{u'^{-,t)) - £„(«’"(•, to))] = 0. 

m— +00 

Proof repeats the proof of Lemma IV. 3.8 in view of the proved Proposition 
IV.3.3.D 

Below, to prove Theorem IV. 3. 2, we shall also need three statements. 

Proposition IV.3.10 For any n >2, uq E H”^,.(A), e > 0 and t E R there exists 
S > 0 such that 

|K(.,t)-<(.,t)i|„<e 

for any m = 1,2,3,... and an arbitrary Lm-solution u™{-,t) of equation (IV. 3. 4) 
satisfying 

\\u^i;to)-uT(-M\l<S 

(here u”'(x,t) is the solution of the problem (IV.$.4),(1V.S.5)). 

Proof. Suppose the contrary. Then there exists e > 0 such that for any d > 0 
there are m and ui E Lm satisfying 

||u^(-,t) t)||„ > € and ||u!^(-,to) - w'"(',to)||n < d 

(here u™ is a solution of the problem (IV.3.4),(IV.3.5) with uo = ui). Then, there 
exist sequences mk and € imt, where ||m™‘ — PmfcUo||n — > 0 as A: — ^ oo, such that 

|K'‘(->0-«”“(-,A)iln>e, 

where u]"'' is the solution of the problem (IV.3.4),(IV.3.5) with Uq = u]"* and m = mk- 
Clearly, we can accept that the sequence mk is unbounded and, also, that mk —>■ +oo 
as A: — > oo. But then by Proposition IV.3.3 «”*'(•, t) u{-,t) and u'"‘^(-,t) — > u(-,t) 
in Hp^^(A) as A: — > oo, i. e. we get a contradiction. Proposition IV.3.10 is proved.O 

Proposition IV. 3. 11 Let n > 3 be integer. Then, for any t E R there exists a 
function T)n{s) nondecreasing and continuous on [0,+oo) such that 

\E„{u^{.,t)) - P„(u-(.,Ao))| < >?„(|K(-,to)|U-i) 

for all m = 1, 2,3, ... and Uq E Hf;~^{A). 

Proof follows from Lemmas LV.3.5 and IV.3.6.n 
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Proposition IV. 3. 12 Let n > 3 be integer and let K C H^^{A) he a compact 
set. Then for any t E R t)) - <o)) ^ 0 as m -> oo uniformly with 

respect to uq E K (here w™(-,to) = PmUo). 

Proof. We first prove that for any e > 0 and u E K there exist r > 0 and a 
number mo such that 

to))|<e 

for all tio E Br{u) = {m € H”~'^{A) : |lu - u||n-i < ?■} and all m > mo. In view of 
Lemma IV. 3. 5, we have for any r > 0 and Wo 6 Br{u): 

i 

to))l < I / 7n(ii,„ max_^ |P^(£>iu’"(-,s)xD>™(-, 5))U,(o,^)+ 

I / »+jV2n-2 

to 

+ \\P^{u”'{;s)u-i;s)\U)ds . 

Let us estimate the integral from the right-hand side of the inequality. We have: 

X £>>'"(., s)]U,(o,^) < 

< |P>’"(-,s) X Diu”^{;s) - Diu’^i^s) X Diu^{■,s)\L,^o,A) + 

+ \Diu^{;s) X Diu^i;s) - Diu{;s) X s)U,(o,X) + 

+ |Pj:[Z);u(-,s) X Piw(-,5)]U,(0,.4), 

where !?"(•, s) and u{-,s) are the solutions of the problems (IV.3.4),(IV.3.5) and 
(IV.3.1)-(IV.3.3), respectively, with «o = «• 

In view of Proposition IV. 3. 3 and Theorem IV. 3.1, the second and third terms 
in the right-hand side of this inequality tend to zero as m — > oo and do not depend on 
uo. Further, by Proposition IV. 3. 10 for arbitrary e > 0 and t E R there exists r > 0 
such that the first term in the right-hand side of the latter inequality is smaller than 
e for all Uo E Br{u) and all m. Estimating in a similar way the term l|Pm(M™u™)||i, 
we get that for any e > 0 and s there exist ro > 0 and a number mo such that 

ip{m,r) = sup 7 „(P, max \P^[Dlu^{-,s) x £)>’"(-, s)] 1 ^ 2 ( 0 ,^)+ 

— D O^I,7VW“l 

UOG-Br(l^) »+j^2n— 2 

+||P,;^(M-(-,s)«-(-,s))||i)<e 

for all 0 < r < To and m > mo, if uo E B^{u). In addition, the function V'(m, r) is 
bounded for all 0 < r < 1 and m = 1,2,3,... by Lemma IV. 3. 6. This implies (with 
the use, for example, of the Egorov theorem) that for any e > 0 there exist r E (0, rf) 
and a number mo > 0 such that 



|E„(u"‘(-,t))-£;„(«’"(-,to))|<£ 



(IV.3.6) 
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for all m > mo if ||mo — wHn-i < f- 

Fix an arbitrary e > 0 and compare to each point of the compcLct set K a ball 
possessing the above property. Let 5^1 (mi), be a finite covering of the set K 

by these balls and let mi, be numbers such that for any i the relation (IV. 3. 6) 
takes place if m > m,- and Uo € Then, obviously (IV. 3. 6) is also valid for all 

uo £ K ii m> maxm,-, and Proposition IV. 3.12 is proved. □ 

i 

Fix an arbitrary integer n > 3. From here {ej,} is the orthonormal basis in 
Hp~^{A) consisting of eigenvectors of the operator S of the above-indicated kind (i. 
e. Cfc are the above-defined functions with the change of n by n — 1 in the definition). 
Let also w; = (1 -|- A")~^(l 4- where * = 0, 1,2, .... Then, u>i are eigenvalues of 

5. 

Consider in the subspaces Lj, C H^~^(A) spanned over vectors {ei},=o,i, 2 ,..., 2 i 
the finite-dimensional Gaussian measures Wk defined by the rule 

2k ^ 

wk{n) = (27t)“^ ^ 

t=0 

where 0 = {u £ Lk\ [(u,eo)n-i)— >(w,e 2 fc)n-i] € F] and F C are Borel sets. 

Then, Wk is a Borel measure in Lk for any k. According to results from Section 4.1, 
the measures Wk can be considered as Borel measures in Hp~^{A), and by Lemma 
IV. 1.10 the sequence weakly converges to the infinite-dimensional Gaus- 

sian measure w”. For a Borel set ft C H^^^(A) we also set 

n 

Since the functional is obviously continuous in (A) and bounded on bounded 
subsets of this space, the measures fik and /N axe well-defined in H"~^{A). Let 
be the dynamical system with the phase space generated by the system 
(IV.3.4),(IV.3.5) so that the function for any fixed t transforms into 

and any uq G maps into the solution «”'(•, t-f to) of the problem (IV. 3. 4), (IV. 3. 5) 
taken at the moment of time t -t- to. Obviously hm{-,t) for a fixed t transforms also 
H1^~^[A) into according to the rule h.^(u,t) — /im(/mM,i)- 

Lemma IV. 3. 13 Let t £ R and ft C be a closed bounded set. Then 

lim (^„(fi„,(ft,t)) - /im(ft)) = 0. 

m-^oo 

Proof. Let us rewrite the system (IV.3.4),(IV.3.5) in the coordinates z{t) = 
(zo(t), ...,Z 2 m{t)) where u’^{x,t) — 2 o(f)eo(x) + ... -f Z 2 m(t)e 2 m(a:). Then, we get 

z(t) = JV,ff(z(t)), (IV.3.7) 



/■ 



t=0 



dzo...dz2k, 
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{to) = (uo, i = 0, 1, 2m, 



(IV.3.8) 



where H{z) = Ei[zoeo + ... + Z 2 m.e 2 m) and J is a skew-symmetric (2m -|- 1) x (2m -f 1) 
matrix (i. e. J* = -J), (J) 2 k-i, 2 k = (l + = -{J) 2 k. 2 k-i {k = 

1,2, ...,m) and {J)k,i = 0 for all other values of the indexes k,l = 0,1, ...,2m. 

“ Idetf^^ 



Let us prove that D 






1 for all t. Indeed, according to 



t,i=0,2m I 

Theorem IV. 1.3, the Lebesgue measure (Tm{0,) = f dzQ...dz 2 m is an invariant mea- 

n 

sure for the dynamical system with the phase space Lm generated by the problem 
(IV.3.7),(IV.3.8). Therefore, 

O-m{hm{0,t)) = j dzo...dz 2 m = j DdZo-..dz 2 m = J dzo...dZ 2 m 



for an arbitrary Borel set ft C In view of the continuity of the function Z), 

this immediately implies that D = \. 

Let us take an arbitrary closed bounded set ft C Zfp^*(j4). In view of the above 
arguments, we get; 

n 



Further, 

l^^m(n) - ^,„(ft„.(ft,t))| < y |1 - 

n 

therefore, according to Proposition IV. 3. 11 and Lemma IV. 3. 6, we obtain that the 
integrand in the right-hand side of this equality is a function bounded uniformly with 
respect to integer m > 0 and w G ft. Take an arbitrary e > 0 and a compact set 
K C H”~^{A) such that p(ft \ K) < e, the existence of which can be proved as in the 
proof of Theorem IV. 1.8. By Proposition IV.3.12, 



lim [nm{K n ft) - Hm{hm{K n ft, t))] = 0, 

m— »oo 

hence, by Proposition IV.3.11, we get the relation 

limsup[p„(ft) - Hm{hm{^,t))] < Cie, 

m— »oo 

which, in view of the arbitrariness of e > 0, yields the statement of Lemma IV. 3. 13.0 



Corollary IV. 3. 14 For any bounded open set ft C (/I) and for any t E R 




134 



CHAPTER 4. INVARIANT MEASURES 



Lemma IV. 3. 15 Let c be a bounded open set and t £ R. Then 

ix^{Q) = p.^{h’^-\n,t)). 

Proof. By Theorem IV.3.1 and Lemma IV.3.4 f) is a bounded open 

set in H^~^[A), too. Take an arbitrary e > 0. Then, there exists a compact set 
K G H such that \ K) < e. Let Ki — h”'~^{K,t)- Then, K\ is a compact 
set, too, and A'l C h^~^{Ll,t) - fli. Let a = mm{dist(/L,5n); dist(A'i,3fli)}, where 
dist(y4,B) = inf ||u — w|L-i and dA is a boundary of a set yl C 

u^A, vEB '• •' 

Clearly, a > 0. By Proposition IV.3.10 for any u £ K there exists a ball B,.(u) = 
{w £ Hper^(A) : ||u — u||„_i < r} of a positive radius r such that 

dist{hm{u,t);h^{v,t)) < ^ 

for all V £ Br{u) and all m. Let Bi, ..., Bi be a finite covering of the compact set K by 
these balls. Let also = {w e Hi ; dist(t?,5fli) > ,5}, where /? > 0, and B = [J B,. 

7=:1 

Since in view of Proposition IV. 3.3 A„,(u, t) -> (u, t) in (v4) as m -» oo 

for any u £ Bp~^(/1), we get that 

hm(B,t) C Qf. 

for all suflGiciently large m. Further, by Lemma IV.1.11 and Corollary IV. 3. 14 
p’"(Q) < m’'(B) + e < limmfpm(B) + e = liminf /^m(^m(B, f)) + e < + e. 

Therefore, in view of the arbitrariness of e > 0 

< /r"(ni). 

By analogy Hence, 

p’^(Q) = 

and Lemma IV. 3. 15 is proved. □ 

Let us prove Theorem IV.3.2. First, let Q C H^Z^{A) be an open (generally 
unbounded) set. We set 

= {u G n : ||h"-'(«,<)|U + ||n||„_i < A}, 

oo 

where k > 0. Then fl = (J a'^d each set fl* is open and bounded; in addi- 

ib=l 

CO 

tion, = y and <)) by Lemma IV.3.15. 

k=l 

Therefore, 

= lim = lim 

«— *-00 k—K>o ' 
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Let now A C Hp~^{A) be an arbitrary Borel set. By Proposition IV. 1.1, 
/i""* (A, t) is a Borel subset of the space HpZ^(A). The equality /i”'(A) — (A, t)) 

now can be obtained by approximations of the set A by open sets from outside. The 
last two statements of Theorem IV. 3.2 follow from Lemma IV. 3. 4, the continuity of 
the functionals Eo, ■■■,En-i in if”"* (A) and from their boundedness on any bounded 
set from Hp~^{A). Thus, Theorem IV.3.2 is completely proved. □. 

4.4 Additional remarks 

First of all, we note that there are approaches to explain the recurrence properties 
of trajectories of dynamical systems generated by the KdVE and NLSE which are 
not based on the application of the Poincare recurrence theorem (see for example 
[16,20,53,66]). Here we do not consider these investigations in detail. 

Concerning invariant measures, there is a number of papers devoted to their con- 
struction for dynamical systems generated by nonlinear partial differential equations. 
Some of them are indicated earlier. One of the first results in this direction is obtained 
in [105] where an invariant measure is constructed for a NLSE. Similar measures (as- 
sociated with the energy conservation law Ei in the case of the KdVE and E in the 
case of the NLSE) are considered, for example, in [4,11,18,19,24,30,55,65,67,86,107- 
109,111-113]. In [4,24,55], the invariance of these measures is not proved. However, 
the invariance in our sense easily follows from a result of the paper [4] for an abstract 
equation. In [30], an invariant measure is constructed for a cubic nonlinear wave equa- 
tion. Unfortunately, some important details of the proof seem to be not completely 
satisfactory in this paper. In [67] and [108], invariant measures are constructed for 
a nonlinear wave equation with a weak nonlinearity. Methods exploited in these two 
papers are quite different. In [11], the author, besides others, more explicitly and 
carefully reestablishes an abstract construction from [109]. 

Another problem ridated to invariant measures is connected with the case of 
the NLSE with superlinear nonlinearities such as f{x, |up)u = A|u|^u where p > 0 
and A are constants. In our paper [107], we investigate this case and obtain sufficient 
conditions for the measure p similar to those from Theorem IV. 2. 2 to be nonzero and 
finite for any ball B C X. The obtained conditions are the following; 0 < /«(£) < oo 
for any ball B C X ii there exist C > 0 and di > 0, ^2 € (0, 1) such that — C(l-f s'^^) < 
f{x,s) < (7(1 + s'^^) for all x,s. For /([up) = Ajup this implies: p > 0 if A < 0 and 
p € (0,2) for A > 0. Unfortunately, in this paper an important question remains open 
about the well-posedness of the initial-boundary value problem (IV.2.1)-(IV.2.4) with 
= 1 in this superlinear case with initial data from a space like i/ 2 . The required 
result is obtained by J. Bourgain [16,17] who proved the well-posedness in a sense of 
this problem for an arbitrary A. This allowed the author of this paper to construct 
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an invariant measure for the one-dimensional NLSE with the power nonlinearity and 
to show its boundedness in the above sense for p £ (0,5) (see [18]). A result in this 
direction for the cubic NLSE is also presented in the paper [65], 

In the paper [67], an invariant measure, associated with a higher conservation 
law containing the square of the second derivative of the unknown function, is con- 
structed for the sinh-Gordon equation. A result analogous to the result of Theorem 
IV. 3.2 on the existence of an infinite sequence of invariant measures for the problem 
periodic in the spatial variable for the usual cubic NLSE 

iut -h + A|u|^u = 0, 

where A is a constant, is presented in the paper [112]. In this connection, the follow- 
ing question may be posed: are there invariant measures associated with the lowest 
conservation laws Eq, Ei, E 2 for the KdVE (or the NLSE)? For example, consider the 
conservation law Eq. In this case, our question is not answered yet. However, we can 
make some comments on it. One could observe that in Theorems IV. 2.2 and IV. 3. 2 an 
invariant measure on the phase space corresponds to the nth conservation law. 
Therefore, we can hypothesize that to construct a required measure, we should prove 
the well-posedness of the corresponding evolution problem for the KdVE with initial 
data from a space similar to the Sobolev space (or at least from e > 0). 

Unfortunately, we do not know any results like that. In our opinion, this is one of the 
main difficulties in the way of constructing invariant measures corresponding to the 
above conservation law. 

Finally, in the paper [113], the following Cauchy problem for the NLSE written 



in the real form 






“t - wL + V{x)u^ + f{x, {u^Y -h {u^Y)u^ = 0, 


X,t £ R, 


(IV.4.1) 


w? + - V{x)v} - f{x, (u^)^ -f {u^Y)u^ = 0, 


x,t £ R, 


(IV.4.2) 






(IV.4.3) 



where V{x) is a real- valued function oi x £ R, is considered. In this paper, it 
is assumed that the function / satisfies conditions similar to those introduced in 
Theorem IV. 2. 2. The main hypothesis on the potential V is that this function is 
positive, tends to -foo as |x| — s- 00 and increases as |x| — > 00 so rapidly that the 
eigenvalues of the operator ( — ^ + U(x) j satisfy the condition < + 00 . 

' ^ n 

Under hypotheses like the above-described, in this paper we construct an invariant 
measure for a dynamical system generated by the problem (IV.4.1)-(IV.4.3) on the 
phase space X = L 2 {R) ® L 2 {R) where L 2 {R) is the real space. In addition, in 
this paper some results on the boundedness of the measure under consideration are 
obtained in the supercritical case f{x,s) — A[s|*’, 
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